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Abstract

We explain a general theory of W-algebras in the context of supersymmetric vertex
algebras. We describe the structure of W-algebras associated with odd nilpotent ele-
ments of Lie superalgebras in terms of their free generating sets. As an application, we
produce explicit free generators of the W-algebra associated with the odd principal
nilpotent element of the Lie superalgebra gl(n + 1|n).

Keywords Supersymmetric Vertex algebras - W superalgebras - Free generating sets
Mathematics Subject Classification 17B35 - 17B68 - 17B69 - 17B70
1 Introduction

The W-algebras first appeared in relation with the conformal field theory in the work
of Zamolodchikov [26] and Fateev and Lukyanov [11]. These algebras were studied
intensively by physicists, both at the classical level through Hamiltonian reduction of
Wess—Zumino—-Novikov—Witten models and their connection with affine Lie algebras,
see, e.g., [5,12,14], but also using BRST formalism [7,8]. For an extensive review on
physicists works, see [6] and references therein. A definition of the W-algebras in the
context of the vertex algebra theory and quantized Drinfeld—Sokolov reduction was
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given by Feigin and Frenkel [13]; see also the book by Frenkel and D. Ben-Zvi [15,
Ch. 15]. A more general family of W-algebras W¥ (g, f) was introduced in the articles
by Kac, Roan and Wakimoto [21] and Kac and Wakimoto [22], which depends on a
simple Lie (super)algebra g, an (even) nilpotent element f € g and the level k € C.
In the particular case of the principal nilpotent element f = fprin, this reduces to the
definition of [13]; see also a recent expository article by Arakawa [2] where basic
structure theorems and representation theory of W-algebras are reviewed.

In the present paper, we will be concerned with supersymmetric counterparts of the
W -algebras which can be defined by analogy with [15, Ch. 15]. Such W-algebras have
already been studied, mostly in the physics literature; see [10,17,18]. In this context,
they are viewed as a generalization of the ‘usual’ W-algebras to the case of super-
conformal theories. The main tool for their study is the superspace and superfield
formalism. Moreover, a supersymmetric quantum Hamiltonian reduction approach
was developed in the work of Madsen and the second author [23]. We will rely on
this work and the supersymmetric vertex algebra theory developed by Heluani and
Kac [16,19] to describe the structure of the W-algebras associated with odd nilpo-
tent elements of Lie superalgebras. The supersymmetric vertex algebra theory can be
viewed as the mathematical counterpart of the superspace formalism used in physics.
Our main structural result is Theorem 4.11 which describes free generating sets of the
W -algebras.

We will then apply the main result to the case of the general linear Lie superalgebras.
It is well known that the Lie superalgebra gl(m|n) contains an odd principal nilpotent
element if and only if m = n &= 1. We take m = n 4+ 1 (this can be done without a real
loss of generality) and produce explicit free generators of the W-algebra as coefficients
of a certain non-commutative characteristic polynomial; see Theorems 5.1 and 5.3.
These formulas can be regarded as supersymmetric analogues of the generators of the
principal W-algebra associated with the Lie algebra gl(n) (which can be identified
with the W, -algebra [11] via the Miura map), as produced by Arakawa and the first
author [3]. In particular, when considering the Lie superalgebra gl(2|1), one gets the
superconformal (or super-Virasoro) algebra with 2 fermionic generators [1], [24].
Furthermore, we show that the Miura transformation used in [3] can also be applied
in the supersymmetric context to recover the generators of the W-algebra appeared in
[10,17,18].

The second author wishes to thank the School of Mathematics and Statistics at the
University of Sydney for the hospitality and warm atmosphere during his visit, as the
work on this project was under way. The work of the third author was supported by
NRF Grant # 2019R1F1A1059363.

2 Supersymmetric vertex algebras

In this section, we introduce supersymmetric vertex algebras following [16] and [19].
Proofs and additional details can be found in these references. Note that in the ter-
minology of the paper [16] these objects are called Nx = 1 supersymmetric vertex
algebras.
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2.1 Notation and basic definitions
We will be considering two couples of coordinates
Z=(z,0), W=(w,0),

where z and w are even and 0 and ¢ are odd. Introduce the notation

Clzl :=Clzl ® Clo], C(Z) :=C(z) ® C[].
Since 62 = 0, we have C[0] = C @ C@. Similarly,

Clz,Zz:=Clz,z 1®C[8], Clz,Z '1:=Clzz '"1®Clol

Furthermore, set

Z-W:i=(z—w—-6¢0-20),

zZhlit .= Zoght for joeZ, j=0,1,

(Zz - W)j0|jl =(z—w— 9;)]'0(9 _ é-)j]'
Let U = Uy @ Uj be a Z/27Z-graded vector space which we will also call a vector
superspace. Accordingly, elements a € U (resp. a € Uj) are called even (resp. odd)
with the parity p(a) = 0 (resp. p(a) = 1). The corresponding endomorphism algebra
EndU = (EndU)5 ® (Endf)7 is a superalgebra, where

feEndl); < f(EndU);j) C EndU)isj

forany 1, j € Z/27.

Any element of the vector superspace U[[Z, ZN:=U®C[Z,Z 'Jiscalleda
U-valued formal distribution. It has the form

azy= Y. ZMVaj, eUIZ. 27N ajy, €U (2.1)
JoEZ, j1=0,1

The super-residue of a formal distribution a(Z) is defined by
resza(Z) :=a_11 €U.

Since resz Z%1a(Z) = a_i_jy1—},, it is convenient to use the notation
Agjolj) = T€SZ Zj"‘jla(Z)

so that a ;| j, = a(—1—jy|1—j;) and the distribution a(Z) in (2.1) takes the form

_ —l=joll=ji, .
a(Z) = Z Z Ajoljn)-
Jo€Z, j1=0,1
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An End U-valued formal distribution a(Z) is called a superfield if for any given v € U
there exists N € Zx( such that

agljpv =0 forall jo>= N, j1 =0,1.

Similarly, a U-valued formal distribution in two variables is an element of the vector
superspace U[[Z, z7lw, W’l]]:

aiz,wy= Y zhiwkhg s o edlz. z7 wo w

Jo.ko€Z,
J1,k1=0,1

with a |, koik; € U. A formal distribution a(Z, W) is called local if
(z—w)"a(Z, W) =0

for some n € Z>(. We let the formal §-distribution be defined by

S(ZW)y=0-0)) Fw!

nez
Note that for any f € U[[Z, Z~'] we have
resz8(Z, W) f(Z) = f(W).
Since (z — w)§(Z, W) = 0, the formal §-distribution is local.
The differential operators d;, dg, 3,y and d; act naturally on C[[Z, Z -1 w, W’l]].
Consider two more odd differential operators

Dz =y +00., Dy =0+ (dy.

Then, [Dz, Dz] = 20;. Set
D§)|]l — agOD]Zl’ D(]0|jl) (— 1)/1 D]0|]l
Lemma 2.1 Let a(Z, W) be a local formal distribution. Then,

a(zZ.Wy= Y D8z W)y (W),
Jo€Z>p,
J1=0,1

where the sum is finite, and

Cloljy (W) = resz(Z — W)Plira(z, w).
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Definition 2.2 A supersymmetric vertex algebra is a tuple (V, |0), S, Y) where V is
a vector superspace, |0) € V is a vacuum vector, S is an odd endomorphism of V,
and the state-field correspondence Y is a parity preserving linear map from V to the
space of End V -valued superfields

Y:V—>EndV[Z,Z7', ar a(Z)

satisfying the following axioms:

o (vacuum) a(Z) |0) |;=0.0=0 = a, S|0) =0,
e (translation covariance) [S, a(Z)] = (09 — 09;)a(Z),
e (locality)foranya, b €V thereexists N € Z_ such that z=w)N[a(Z), b(W)] = 0.

By Lemma 2.1, the locality axiom implies a finite sum decomposition

[@(Z), bW = Y~ (DG8(Z, W) a(W) i) b(W)

Jo€Z>o,
Jj1=0,1

for a(W)jo1jnb(W) = resz(Z — W)/Vt[a(Z), b(W)]. The expression a(W) /1)
b(W) is called the (jolj1)-th product of the superfields a(W) and b(W).

Definition 2.3 (1) The normally ordered product of two End V -valued formal distri-
butions a(Z) and b(Z) is defined by

ca(Z)0(Z) = ap (2)b(Z) + (—=1)PDOPOp(Z)a_(Z),
where

a(Z)y= Y ZPa; oand a(z)y= Y ZMVaj;.
Jo€Z>g, j1=0,1 Jo€Z<o, j1=0,1

(2) If jo < —2and j; =0,1,0r jo = —1and j; =0, then a(Z)y,)b(Z) is given
by

a(Z) (o jinb(Z) = (=D (DS az))b(2) -
Remark 2.4 One can check that
1a(Z)b(Z) 1 10) |;=0,0=0 = a(-11)b
and

a(Z)joljnb(Z) 10) |:=0,0=0 = ajy|jnb

for (jo, j1) as in part (2) of Definition 2.3.
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Lemma 2.5 (Dong’s lemma) Let a(Z), b(Z), c(Z) be pairwise local formal distribu-
tions. Then, (a(Z), (b(jy|j)c)(Z)) is local for any jo € Z and j; =0, 1.

Lemma 2.6 (Uniqueness lemma) Let V be a supersymmetric vertex algebra. If a(Z)
is a superfield such that (a(Z), b(Z)) is local for every b € V and a(Z) |0) = 0, then
a(Z)=0.

By the uniqueness lemma and Remark 2.4,
a(Z)joljnyb(Z) = (agjoljnb)(2),
and we set
sab = a1 b =:a(2)b(Z) : 10) |;=0, 9=0-

Note that for a given supersymmetric vertex algebra V, the state-field correspondence
map

Y:V > EdWIZ, Z7 ', ar a(2),

is injective. Hence, a supersymmetric vertex algebra V can be considered as a set of
superfields Y (V). In the following theorem, we construct a vertex algebra as a set of
superfields.

Theorem 2.7 (Existence theorem) Let V be a vector superspace and V be a set of
pairwise local End V -valued superfields. Suppose Id € V is the constant field and
V is invariant under the operator D = 09 + 00, and all (jo|j1)-products. Then, the
superspace V with the vacuum vector Id, the operator S given by Sa(Z) = D(a(Z))
and the (jo|j1)-products are a supersymmetric vertex algebra.

2.2 Supersymmetric Lie conformal algebras

Recall that a Lie conformal algebra (LCA) R gives rise to a vertex algebra called a uni-
versal enveloping vertex algebra V (R) [4,19]. Now we introduce its supersymmetric
analogue: that is, a supersymmetric LCA and the corresponding universal enveloping
supersymmetric vertex algebra. Consider two superalgebras:

e Let £ be the associative superalgebra generated by a pair of elements A = (A, x),
where A is even and x is odd, such that

hx1=0, [x,x]1=2x>=—2x.

e Let IC be another associative superalgebra generated by a pair of elements V =
(T, S), where T is even and § is odd, such that

[T,S]1=0, [S,S]=28>=2T.
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Note that £ and C are isomorphic via the map A — —7 and x — —S.
Set

(Z-WA=0C-—w—-0)r+0—-x.

Given a formal distribution a(Z, W) of two variables Z and W, consider the formal
Fourier transformation

]—"é\,wa(Z, W) =res, exp((Z — W)A)a(Z, W)

which can be expanded as

FrwaZWy= Y (=D AR w),
Jo€Z>0, j1=0,1
where .
AU — (pyin 20X
Jo!

and ¢ j; (W) is defined in Lemma 2.1.
Define the A-bracket (a, b) — [apDb] of a local pair (a(Z), b(Z)) by

[anb)(W) := F2 yla(Z), b(W)].

Proposition 2.8 The A-bracket satisfies the following properties for all pairwise local
distributions (a(Z),b(Z), c(Z)):

(1) (sesquilinearity)
[Sapbl = xlaabl, [aaSbl = —(—DP(S + x)lanbl;
(2) (skew symmetry)
[baal = (=P OPPa__gb),
where

la-a-vbl= Y (=DI(=A =P Wag ;b
Jo€Z>0, j1=0,1

for —=A =V =(—=A—T,—x — S) with
[x,S1=2r and [x,T]=[rT]=I[A,S]=0;
(3) (Jacobi identity)
[aalbrell = —(=DP@[[anblasrec] + (=D POTDEOTDh1a, ),
where
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(i) T'= (y,m) with [y, nl = [y, y]1 = 0and [n,n] = =2y,
(i) A+T =G+y. c+n)with[h,n] =1 y]l=[,.y]=1[¢. n] =0.

This motivates the following definition.

Definition 2.9 A supersymmetric Lie conformal algebra (LCA) R is a Z/27.-graded
K-module endowed with odd bilinear map R ® R — L ® R, called A-bracket, given
by a finite sum expansion

a®brslaxbl= Y (DI ADIag b
Jo€Z>0, j1=0,1

with ajy ;)b € R, satisfying the following properties:
(1) (sesquilinearity) In £ ® R we have
[Saabl = xlaabl, [apSbl = —(=1)P(S + x)lanbl,

where S and x obey the relation [S, x] = 2A;
(2) (skew symmetry) In £ ® R we have

[baal = (—=1)P@QPO1a_, b,

where | N
[a_a-vb] = Z (=1 (=A = V)l g b
Jo€Z>0, j1=0,1

for —-A =V =(—A—T,—x — §) satisfying
[x,S]=2A and [x, T1=1[A,T]=1[A,S]=0;
(3) (Jacobi identity) In £ ® £’ ® R we have
[aalbrel] = —(=DP@[lapblasre] + (—)POTDEOTD1pL1g, ],

where

(i) I' = (y,n) such that [y, n] = [y, y] =0and [, n] = -2y,
(i) A+T =04y, i+n)suchthat[A, ] =[A, y]=1[¢,v] =1, 0] =0.

Note that the tensor product sign is often omitted in the notation.
The next theorem provides an equivalent definition of supersymmetric vertex alge-
bras in terms of A-brackets; cf. [20, Thm. 4.1].

Theorem 2.10 A supersymmetric vertex algebra is a tuple (V, S,[ A 1,10),: :) such
that

(i) (V,S,[a)) is asupersymmetric Lie conformal algebra.
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(ii) (V,S,10),: ) isaunital differential superalgebra, where S is an odd derivation
of the product : :, and the following properties hold:

(—=T)
tab: —(=1)POPO pa = (—)POPO N (b1 a),
j=1 |
cab:c:—:a:bc = Za(,zfj“)(b(ju)c)
j=0
+(=1)P@r® Zb(—2—j|l)(a(j\l)c)~ (2.2)
Jj=0
(iii) The A-bracket and the product : : are related by the non-commutative Wick
formula:
At 1)p(b
l[aa : bc:] = Z F[aAb](kful)C + (=) P@FDP®) - prga el (2.3)
k>0
The properties (2.2) of the product : : are referred to as the quasi-commutativity

and quasi-associativity, respectively.

Definition 2.11 (1) A set B = {a; | i € I} of elements in a supersymmetric vertex
algebra V strongly generates V if the set of monomials

{rajaj,...aj; | j1,....Js €1, s € Z>p}

spans V. If s = 0, the monomial is understood as |0). For s > 2 the product in
the monomial is applied consecutively from right to left.

(2) Anordered set B = {a; | i € I} C V freely generates a supersymmetric vertex
algebra V if the set of monomials

{:aj,aj,...aj : | jr < jr1and jr < jry1if p(aj,) = 1}
forms a basis of V over C.

Theorem 2.12 Let R be a supersymmetric Lie conformal algebra with an ordered
C-basis B = {a; | i € I}. Then, there exists a unique supersymmetric vertex algebra

V(R) such that

(i) V(R) is freely generated by B,
(ii) the operator S on V(R) is defined by S(: ab :) =: (Sa)b : +(=1D)P@D : q(Sb) :,
(iii) the A-bracket on R extends to the A-bracket on V(R) via the Wick formula
(2.3).

Definition 2.13 For a given supersymmetric Lie conformal algebra R, the super-
symmetric vertex algebra V (R) in Theorem 2.12 is called the universal enveloping
supersymmetric vertex algebra associated to k.
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2.3 Supersymmetric nonlinear LCAs

In this section, we follow Section 3 of [9] to introduce nonlinear supersymmetric
LCAs. We omit the arguments which are straightforward supersymmetric analogues
of those in [9].

For a positive integer n, consider a -module R = P reN/n R, with (N/n)-grading
so that gr(a) = ¢ for a € R;. The grading gr is naturally extended to the grading of
the tensor algebra 7 (R) by

gr(a ® b) = gr(a) + gr(b).
Set
TR o)~ =P TR
¢'<¢
Definition 2.14 Suppose that R is endowed with a nonlinear A-bracket

[ReaRe1C LT R) ¢

satisfying skew symmetry, sesquilinearity and Jacobi identity in Definition 2.9. Then,
R is called supersymmetric nonlinear Lie conformal algebra.

Proposition 2.15 Let R be a supersymmetric nonlinear LCA. Then, the normally
ordered product and A-bracket admit unique extensions to the linear maps

TRY®T(R)—>T(R), AQBr>:AB:,
TRY®T(R) - LRIT(R), A® B> [AAB],

in such a way that for any a, b € R and A, B, C € T (R) we have

(i) [aab] is defined by the A-bracket on R,
(ii) :aB :=a ® B,
(iii) 1 1A :=: Al := A,
(iv) : (@a® B)C : — :a: BC ::is defined by the quasi-associativity,
(v) [Apa(b ® C)] and [(a @ B)AC] are defined by the Wick formula.

For a given supersymmetric nonlinear LCA R, consider the two-sided ideal 7 (R)
of T(R) generated by elements of the form

(=T)

Gab: —(=D)POPO pa ) — (=DPOPON b1,
izl '
where -
[bral = Z (_1)J1A(Jo\./l)b(joljl)a_

Jo€Z=g, j1=0,1
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Then, the A-bracket and the product : : on 7 (R) induce a well-defined A-bracket
and product on the quotient

V(R)=T(R)/T(R).

Since V (R) satisfies quasi-commutativity, quasi-associativity and Wick formula, it is
a supersymmetric vertex algebra which is called the universal enveloping supersym-
metric vertex algebra of R; cf. Definition 2.13.

Proposition 2.16 For a given ordered basis B of R, the supersymmetric vertex algebra
V(R) is freely generated by B.

3 Good filtered complexes of supersymmetric nonlinear LCAs

Here, we reproduce some useful facts about bigraded complexes. Proofs can be
obtained by suitable supersymmetric versions of the arguments in [9, Sec. 4]. Introduce
the notation
r= Lo
2
Let g be a graded vector superspace and R = K ® g be a nonlinear Lie conformal
algebra such that

o= @ Al R= @ RMUAL - GD
p.qel, p+q=ZL, p.q€l’, p+q=Zy,
AeT’, Ael’,

where n
p.q — n p.q N
RPAAI =D S" ® g7 [A 51

n>0

The universal enveloping supersymmetric vertex algebra V (R), which is strongly
generated by a basis {a; |i € I} of R, has the I'/, -grading

V(R) = @ V(R)IA]

Ael’y
where
V(R)[A] = spanc{: aj ai, ... a;, : lig € I, aj, € R[A(] Y p; Ax = A}

We assume that

1
V(R A1 mglny V (RIAL] C V(R)[A1 + Az —ng — % - 5].
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Consider a I'-filtration and a Z-grading of R induced from (3.1)

F'R = P RI[A],  R'= P rr.
P'=p, ptq=n
q.A

and the corresponding filtration and Z-grading of V (R) defined by

V(R)" = spanc{: ajai, ...ai, : |ix €1, aj, € RPCU% 3701 pr + gk = n},
FPV(R) = spanc{: aj ai, ...a;, : |ix € 1, aj, € RP9%, 33 | px = p}.

Set
FPV(R)'=FPV(R)NV(R)", FPV(R)'[A]l=F’V(R)"NV(R)[A]

and consider the associated graded algebra

gVR) = P &V R),
p.q€el

where

g1V (R)[A] = FPV(R)PH[A]/FPT2V(R)PH[AL,

grP4V(R) = FPV(R)PH JFPHIV(R)PH = @ gr” 1V (R)[A].
NS

Suppose a differential map d : V(R) — V(R) satisfies
d(FPV(R)") C FPV(R)'T!, d(V(R[A]) C V(R)[AL. (3.2)
Then, we set for the cohomology spaces

FPH"(V(R),d) = Ker(d|pryRy)/Imd N FPV(R)",
grP*H(V(R),d) = FPHPT(V(R), d)/FP+%HP+q(V(R), d).

In addition, for the graded differential map d&" : gr V(R) — gr V(R) induced from
d, we define cohomology spaces by

HP9(grV(R),d®) = Kerd®|gpay(r)/Imd& N gr’ 9V (R).

Definition 3.1 Let d be a differential on V (R) satisfying (3.2).
(1) We say d is almost linear differential of R if

d€ (g™ [A]) C g" It A];
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or, equivalently, d(g”9[A]) C g7t [A] @ Fp+%V(R)P+‘1+1,
(2) A differential d is called a good almost linear differential of R if

HP4(g,d®) =0 if p+q #0.

In the rest of this section, we assume that V (R)[A] has finite dimension for any
A €T and d is a good almost linear differential of R. Take bases

BEIAl={e;|i € I§[A]} for some index sets Z§[A],
n
B%[A] = f{ein lein = S"ei, ei € BR[A'], A"+ 3= A},
of g?"~P[A]NKerd & and RP-"P[A]NKerd® = HP-~P(grR, d#)[A], respectively.
Then,

Br = |_| B%[A] ={einlein =5"e, i €ly}
A€l , pel

is a basis of H(grR, d&"), where

Iy:= || Z5Ial

Ael,, pel

Proposition 3.2 (1) H(grV(R), d?8") is freely generated by BR.
(2) HP-7P(grV(R), d8")[A] has the basis

Bs(n)[A] = { D €(i,n1)€(ir,n2) - - - Clig,ng) ¢ }7

where the sets of indices (i;, n;) € Ig’ [A:] X Zsq satisfy the conditions:

(i) (ryng) < (g1, Neg1)s
(ii) if e, n,) and e,y n,,1) are odd, then (iy, ny) < (ir41, nr41),

(iii) Yy it = p.
(iv) Yr_y (A + %) = A.

For ¢; € g7 ~P[A] N Kerd#", there exists an element f; € Frts V(R)°[A] such
that E; = ¢; + f; € FPV(R)°[A] N Kerd. Set

HP7P(g,d)[A] = span{ E; |i € Z{[A]}, H(g,d)[A] = @H”’_”(g,d)[A].
pel

Theorem 3.3 (1) H(V(R),d) = HY(V(R), d).
(2) If the K-module H(R,d) = K ® H(g,d) admits a nonlinear supersymmetric
LCA structure, then

H(V(R),d) =~ V(H(R,d)).
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4 BRST cohomology
We are now in a position to define supersymmetric W-algebras via BRST cohomology
following [23]. We will rely on the supersymmetric vertex algebra theory developed

by Heluani and Kac [16,19] to describe the structure of the W-algebras associated
with odd nilpotent elements of Lie superalgebras.

4.1 BRST complex

Let g be a finite-dimensional simple Lie superalgebra with a (%Z)-grading g =
D, 1z, g(i) satisfying the following conditions:

(i) There exists i € gg such that g(i) = {a € g| %[h, al =ia}.
(i) There are odd elements fyqq € g(—%) and egqq € g(%) such that

span{e, eodd, /1, foad, f} = 0sp(1]2),

where (e, h, f) is an sl-triple.

We will suppose that g is equipped with a non-degenerate invariant bilinear form (| )
normalized by the conditions (e| ) = %(h|h) =1.
Introduce two supersymmetric vertex algebras.

(1) Letg = {a|a € g} be the vector superspace defined by g; = gj and g5 = gj.
The supersymmetric current nonlinear LCA is

R =K®g
endowed with the A-bracket
[@nb] = (=1)"“"Pla, Bl + k x(alb).
(2) Setn=@p,._(90) and n_ = P, _, g(i). Then, there are bases
{ug e € I} and {u®|a € 14}

of n and n_, respectively, parameterized by a certain index set I, such that
(u*|ug) = 84,p. Introduce two vector superspaces

nxncCg, ¢ =T_Cy,
spanned by the respective families of elements ¢, and ¢ with b € nanda € n_.
Consider the supersymmetric nonlinear LCA Ry = K ® (¢pn @ ¢"~) endowed
with the A-bracket

(67 Agp] = [Pp 20”1 = (alb).
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Due to the results of Sect. 2.3, the two above supersymmetric nonlinear LCAs give
rise to respective universal enveloping supersymmetric vertex algebras V (R¢yr) and
V (Rch). Their tensor product

C(ﬁ, fodds k) = V(Rcur) ® V(Rch)

also carries a supersymmetric vertex algebra structure. Introduce the element d by

1 —
d=7y (o= (foaalta)®® i +5 3 (DPOPD gy, 010P 9% 1. @A)

C(EI+ C{,ﬂEI+

where ¢% = ¢™, ¢y = Pu,, p(@) = p(ug) and p@) = p(ity).

Proposition 4.1 The A-brackets between d and elements in C(g, fodd, k) have the
form:

[dag) = ) (=77 6 Tug, al: + Y (=DP@k(x + $)¢* (uala),

aely aely
1 _ P
[ [ _1\P@pB) . 4B plup.u“l .
[dag“l=3 > (=1 cpPpliel
a,Bely
[dade] = (=1 @Pug = (foadlua) + Y (=DPOPP - 9Py
BelL

Proof The formulas are verified by a direct calculation in the same way as for the
supersymmetric classical W-algebras; see [25]. O

Set Q := d 0|0y Then, by the Wick formula (2.3), we have
QGCAB:)=:Q(A)B:+(-1D’N :40(B): . 4.2)

Proposition 4.2 The linear map Q on C (g, foda, k) satisfies Q% = 0.

Proof This follows by a direct computation with the use of Proposition 4.1 and property
“4.2). O

By taking the cohomology of the BRST complex C (g, foad, k) with the differential
0, we can now define the corresponding supersymmetric W-algebra as in [23]; cf. [2]

and [15, Ch. 15].

Definition 4.3 The supersymmetric W-algebra associated to g, fodq and k € C is

W (g, fodd, k) = H(C(@, fodd, k), Q).

Proposition4.4 Let A, B € C(g, foad, k) satisfy Q(A) = Q(B) = 0 and C be any
element in C(g, foda, k). Then, the following holds:
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(1) Q(SA) = QG AB:) =0and Q([AAB]) =0,
(2) S(QC), : Q(C) B : and [Q(C)a B] belong to the image of Q.

Proof By sesquilinearity of supersymmetric LCAs, for any X € C(g, fodd, k) we
have S(QX) = —Q(SX). Hence, the first properties in (1) and (2) hold. The second

properties follow from (4.2). By the Jacobi identity of supersymmetric LCAs, for
X,Y € C(@, fodd, k) we have

Q(XAY]) = —[QX)aY]+ (=1)PFF X, 0(¥)]
which gives the third properties in (1) and (2). O

Corollary 4.5 The supersymmetric W-algebra W (g, foda, k) is a supersymmetric ver-
tex algebra.

4.2 Building blocks of supersymmetric W-algebras

For any a € g set

Ja=a+ Yy (=)POPP ¢l 4 € C@. foua, k).
Bely

Proposition 4.6 For the element d defined in (4.1), we have

[dadal = Y (=D)POPE: §P (s + (foaallug. al)) :
Bely

+ Y (=DPk(S + )¢ (upla),

Bely
where m<q : g = @i<09(i) is the projection map with the kernel ®;-.0g(i).

Proof By the Wick formula,

[daJal = [daal + Y (=DPOPPd 5+ Py, )]

Bely
= [dral + Y _ (=DP DD - 1d \¢Plppuy.a - 4.3)
Bely
Ak 3 T
+ Y %(_1)p(ﬂ)(p(y)+p(a)+l) (: o7 pliru’] :)(k—m) Blup.al
Boyeli k=1""
+ Y (=DPOPD - P ldp g al - (4.4

BelL
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Since the coefficients of A%y in [Plug.al A ¢V¢[“V”‘ﬁ] :] are all zero, the coefficients
of A%y in

B 7 B
7ol adrupaarl = (“DPPPO gy, oy _p_y : ¢? Pl 1]

are also 0 so that the expression in (4.4) vanishes. The second term in (4.3) equals

1 g B
Z 5(_1)P(ﬂ)(/ﬂ()/)+p(a)-5-l) ::¢y¢[uw'4 I. ¢[uﬂ‘a] -
B.yely

By the quasi-associativity in (2.2) and the fact that ¢ (jin®m = 0 for any n € n and
m € n_ with j > 0, we have

Tuo uP1 Tuo uB1
::¢V¢[u,ﬂu ] :4)“%“] = g7 :¢[uy,u ]¢[uﬁ,u] c

The remaining computations are straightforward, and they are analogous to the clas-
sical case in [25]. O

Proposition 4.7 [fa,b € P,y 9(i) ora,b € P,_( g, then

[Jaadgl = (=1)P@OP®) for k(S + 1) (alb).
Proof This is verified by a direct computation. O
Introduce the vector superspaces
ry=¢n®Ji  and  r_=Jz D ¢>ﬁ*,
where

Ja=span{Jp|ben} and Jy,=span{Jz|a € @ a(i)}.

i€Z<g
It is not difficult to see that both Ry = K @ ry and R_ = K ® r_ are supersym-

metric nonlinear LCAs and that C(g, fodd, k) decomposes into the tensor product of
supersymmetric vertex subalgebras:

C(@, foad: k) = V(R4) @ V(R-).

Lemma 4.8 (Kiinneth lemma) Let V| and V, be vector superspaces and d; : Vi — V;,
i = 1,2, be differentials. If d : Vi @ V, — Vi ® V, is defined by

dla®b)=di(a) @b+ (-1’ Da @ dr(b),
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then
H(V,d)~ H(V,d)) @ H(V2, d).

Proposition 4.9 The differential Q has the properties

Q(V(R4)) CV(Ry) and Q(V(R-)) C V(R-), 4.5)

so that
W(@, foaa, k) = H(V(R4), Q) ® H(V(R-), Q). (4.6)
Proof The inclusions (4.5) follow from Propositions 4.1 and 4.6. The decomposition
(4.6) is then implied by the Kiinneth lemma. O

4.3 Generators of supersymmetric W-algebras

We now aim to describe the cohomologies H(V(R4+), Q) and H(V(R-), Q).

Proposition 4.10 We have H(V(Ry), Q) = C so that W(g, foas, k) =
H(V(R-), Q).

Proof Set K; = (—1)P™ Jz — (foaa|n) for n € n and introduce the superspace

rh =¢n®Ki,  Ki=span{Kj|n € ii}.
Then, R4 = K ® r/,.. Define the conformal weight A and the bigrading on r/, by
A(pn) = A(Ki) = jn, g0(@n) = (Un — 1, —Jn), g0(Ki) = (n — 1, —ju + 1),

assuming thatn € g(j,). The graded differential Q & associated with Q is good almost
linear (see Sect. 3) and

H(' 4, Q%) =0.
By Theorem 3.3, we have H(V(R4), Q) = C. O

To describe H(V(R_), Q), recall that

QW) = Y (=P PP ¢P (i + (foaallup, a)) :

Bely
+ 3 ()P PkSP (ugla) @7
Belt
and
iy _ Mp(B) . 4B ylup.ml .
0 )ZE;(‘”M WP gl . (4.8)
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Consider the conformal weight A and the bigrading on r_ satisfying

1 B}
A(Ja) = 3 Ja»  A@") = —jm,

_ 1
gr(Jz) = (ar —Jja),  gr@™) = (jm +

[
E’ _]m + E)a

where a € g(j,) and m € g(j,) for j, < 0and j, < 0. Note that

: A S |
AP = jp @ @) =(=Jp+ . Js +5)
where uf e g(—jp). Since A(S) = % and gr(S) = (0, 0), every term in (4.7) has
conformal weight % — jq and every term in (4.8) has conformal weight — j,,. The
bigradings of terms in (4.7) are given by

8 AR
G " gar ) = (Ja+ 5, —Ja+3)

2 2
2r(@P (foaallug, a)) = Ga» —ja + 1),
8 . 1 . 1
er(8¢F (wpla)) = (ju + 5, —Ja + 3). (4.9)

The bigradings of terms in (4.8) are

_ 1 1 S
g @™ = (jm+ 3. =in+3), & PR ) = (i + 1, —jim + 1), (4.10)

2

Theorem 4.11 Let Ker (ad fouqq) = {uqy | € J } with an index set J. Then,

(1) W(@, fodd, k) is freely generated by | J | elements as a differential algebra,
(2) there exists a free generating set of the form

{ug +Agla e T},

where A, € Fj“+%V(R_)O[% — Jal forug € g(jo).

Proof Since we know that W (g, fodd, k) = H(V(R_), Q), it is enough to show (1)
and (2) for H(V(R-), Q). The conformal weight and bigrading on »_ induce those
on V(R_). Withrespect to the conformal weight and bigrading, Q induces the graded
differential Q& The bigradings listed in (4.9) and (4.10) show that

Q¥ (Ja) = Y (=D)POPP P (foallug, al), Q¥ (¢™) =0.

Bely

Note that V(R_)°Nr_ = Jg_,and V(R_)' Nr_ = ¢". Since Q&' (r_) = ¢"~, we
have HP9(r_, Q&) = 0 when p+¢ # 0 and so Q is a good almost linear differential

@ Springer



6 Page20of25 A.Molev et al.

map. Furthermore, Ker(Q#',_) = {Ju]a € Ker(ad foqa)} ® ¢ ; hence,
H(r—, Q%) = {Ja |a € Ker(ad foda)}-

Thus, using Theorem 3.3, we arrive at (1) and (2). O

5 Generators of W (g, fyrin, k) for g = gl(n + 1|n)

Consider the Lie superalgebra g = gl(n+1|n) with the basis {E; ;|i, j =1,...,2n+
1} and the Z/27Z-grading defined by p(E; ;) =i + j mod 2 with the commutation
relations

[El‘,jv Ei’,j’] = 8j,i/Ei,j/ — (—1)(l+])(1/+],) 8i,j’ Ei/,j'

Take the odd principal nilpotent element in the form

2n
fprin = Z Ep+l,p-

p=1

By Proposition 4.6, for C(g, fprin, k) and any m > [, we have

m
QW) = (=D)"kS¢"™ + Y (=) H gl g,
Jj=l+1
m—1
+ Z(_l)(i+m)(m+l+1) :¢i’mJil . +(_1)l¢1,m+1 + (—l)m(ﬁl_l’m,

i=l

where we set ¢/ = (—1)it1¢Eij fori > jand J; ; = Jg fori = j.

We will be working with operators on C(g, fprin, k) of the form Zi\]: 0 ArS " with
A; € C(@, fprin, k), which act on an arbitrary element X € C(g, fprin, k) by the rule

N N
ZA,S’(X) = Z CAST(X)) .
=0 t=0

In particular, for the operator A; ; = §;;kS + (—1)it! Ji,j on C(@, fprin, k) we have

A j(X) =8;ikSX)+ (=D g X0
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Consider the 2n + 1) x (2n 4+ 1) matrix

A _1 0 . ... 0
Ay Axs 1 0

A= : : : : : :
Agp1 Ao An3 oo Adnon -1

Adpi11 A2n12 A2ng1,3 - Adn1,2n A2nt1,20+1

whose entries are operators on C(g, fprin, k). Then, the column (or row) determinant
of A is given by the formula

2n
cdet A = Z Z Ail,i0+1Ai2,i1+l ...A,‘N+1,,’N+1. 5.1
N=0 O=ip<ij<--<iyy1=2n+1
Write
cdet A = Wy + WS+ -+ Wayy S T!

for certain elements W), € C(g, fprin, k). Clearly, Wy, = k2l
Theorem 5.1 All elements Wy, ..., Wa, belong to the W-algebra W(g, fprin, k).

Proof One readily verifies that

2n+1 2n+1
Q) W87 =" Q(W,)S" — W,s"Q
p=0 p=0

sothat QA = (=D H1A, 10 + (=)™ Q(J,.). Therefore,
QA ig41 -+ Ay iyt - Aiy iy +1
N
= >0 (Aiget - (DU a4 1) - Abygrin+1)
p=0
—Aijig+1 - Aip gt - Aiyyiy+1 Q-

Hence, the property W), € W(g, fprin, k) will follow if we show that Z?\;Q:O By =0,
where we set

N
By =Y (=D (Aiigr1 - (D" QUi i) - Ay iy +1)-
p=0

Using the relations
Jij= DA =8 kS) and ¢l Ty = (=) CHEDEHAD g gl
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we find that

DO i)

ip+l
_ i 1ipe iptjgpiptljoa, . _s .
= —kS(@'r Tl 4 N (=D gty =8 kS)
J=ip+2
ipt1—1
+ Z (—1)”’+' (Ai,i,,+1 _ 3i,i,,+1k5)¢l'lp+l 4 (_l)l[7+lp+l¢lp+l,lp+l+l — @'rirl
i=ip+l
and
_kS(¢l,,+1,lp+]) 4 (_l)lp+lp+|+1¢lp+l,lp+|S+ S¢1P+lvlp+1 =0.
Therefore,
i1)+l
DOy i) = Y (=D)AL
j=ip+2
ipt1—1
+ Z (_1)ip+iAi,il,+]¢i.ip+l + (_l)i,,+ip+1¢i,;+l,i,,+1+l _ ¢i,,,i,,+1
i=ip+1

so that By can be expressed as

N ip+1

—— T
ZAn,io+1---AipJp1+l[< Yo DI AL (DGt ‘P“*)
p=0

J=ip+2
ipt1—1
i i,i ip 1ip,0
+( G L VT R G D P*l)]Aip+z,i,,+l+1...A,-N+1,i,v+1.
i=i,+1

By the quasi-associativity property, we have

ip+Lj4Q. . P . . — oirtLicA; (A . .
(¢ P A1p+1,])(At/,+2,t,7+1+1 .. A1N+1.1N+l) = ¢ b (Al,,H.] (Al/,+2,l/;+1+1 o A1N+1,1N+1))s

(Aiv"p‘*'ld)i’ipﬂ YAipiptl - Aiyyriy+1) = Ayt ((I’i’i”l (Aipasippi+1 -+ Aiy gy in+1))
forj =i,+2,...,ipy1andi =i, +1,...,ip41,so that vanishing of the telescoping
sum implies that Y%, By = 0. 0

Lemma 5.2 Suppose that {v, | p = 0, ..., 2n} is a basis of Ker (ad foqq) such that
Aj, = 1@n + 1 = p). Take V, € W (@, forin. k) of the form V, = J;, + w)
satisfying the conditions

(i) Vp and wp have the conformal weight %(Zn +1—p),
(ii) wp lies in the differential algebra generated by J; for Aj, < Ay,.
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Then, the set {V, | p =0, ..., 2n} freely generates the W-algebra W (g, fprin, k).

Proof A generating set of the form {V), = J;, + w), | p = 0, ..., 2n} satisfying the
required conditions (i) and (ii) exists by Theorem 4.11. Set

W, := subalgebra freely generated by {V,,,, Viu+1, ..., Vo,
W/

m

:= subalgebra freely generated by{V,,, V,, . |...., V3,}.

We will show by a (reverse) induction that W,, = W, for allm = 0, ..., 2n. Note
that W, = W, , since wy, and w), are constants. Now suppose that VW, = V\/I’7 for
some p < 2n. Then, V), | — V[/7—1 eW, = W[’, by condition (ii). Hence, we can
conclude that V[;_l =V,_1+ (w;7 — wp) € Wy_1 and, similarly, V,_; € Wl/,_l.
This shows that W,_| = W[/’_l. Thus, Wj = Wy and since W (g, fprin, k) = W,
the lemma follows. m]
Theorem 5.3 The set of coefficients (W, | p = 0, ..., 2n} of cdet A freely generates
W (g, fprin, k) as a differential algebra.

Proof Note that fori > j we have
.
Apjx) = E(l —Jj+ D+ Ax,

and each term in (5.1) satisfies

2n +1

inig+1 Aig,iy+1--Aiy iy +1(X) = )

Ay + Ayx.

A direct calculation gives

2n+1—k
Wank = D (=D Jag+waap for k=0,1,...,2n,
=1

where Ay, = % — # and wy,—k can be expressed as a normally ordered
product of the elements J; ; with 0 < i — j < k and their derivatives. It remains to
apply Lemma 5.2. O

Example 5.4 Let g = gl(2|1). Then, fuin = E21 + E32 and
Ay -1 0
A=Ay A -1
Az Az Az

The column determinant of A is

cdet A = A1 1422433+ A1 + A2 1A33 + A1.1A32
= (kS)> + WpS2 + WS + Wp.
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where

Wy = k> (J11 + Ja2 + J33),
Wi =k(=J11p— N33 — 2033 —Jo1+ J32 — kle,z),
Wo=—-N11D12h33— 133+ 11032+ T3

kT, + kI 1Ty s — kJ} o033+ kdapdh 5 + K2 T 5,

and X’ := [S, X]. Hence, W (g, Sprin, k) is freely generated by Wy, Wi and W>. O

As in [3], by taking the quotient of the W-algebra W (g, fprin. k) over the super-

symmetric vertex algebra ideal generated by the elements J; ; withi > j we recover
the presentation of the W-algebra via the Miura transformation; cf. [10,17,18]:

cdet A — (kS + J]y])(kS — Jz,z) (kS + J3,3) e (kS — Jzn,zn)(kS + J2n+1’2n+]).
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