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1. Introduction

We will work over the ground field C (any algebraically closed field of characteristic
zero is fine t00). Recall the definition of the degenerate affine Hecke algebra Hy
from [D]. This is the associative algebra equal as a vector space to the tensor
product Clz1, ..., 24 ® CS, of a polynomial algebra and the group algebra of the
symmetric group Sy. We write s; for the basic transposition (i i+1) € Sy, and
identify C[zq,...,z4] and CS; with the subspaces Cz1,...,24] ® 1 and 1 ® CSy
of Hy, respectively. Multiplication is then defined so that Clzy,...,z4) and CSy
are subalgebras of Hy, s;x; = xjs; if j # 4,4+ 1, and

SiTi+1 = T4S; + 1.

As well as being a subalgebra of Hy, the group algebra CSy is also a quotient, via
the homomorphism H; — CS; mapping x; — 0 and s; — s; for each i.

The degenerate affine Hecke algebra arises when studying the representation
theory of the general linear Lie algebra g = gl (C), as follows. Let V be the
natural g-module of column vectors, let M be any g-module, and consider the
tensor product M @ V ®---®@V (d copies of V). Let e; ; € g denote the ij-matrix
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unit and Q = Ef\szl e;.; ® e;;. Then, by an observation of Arakawa and Suzuki
[AS, §2.2], there is a well-defined right action of Hy on M ® V®4 commuting with
the left action of g, defined so that x; acts as the endomorphism Q ® 1941 and
each s; acts as 19t @ Q @ 1®(d—i-1)

The goal of this article is to extend the classical Schur-Weyl duality to some
remarkable finite-dimensional quotients of Hy: the degenerate cyclotomic Hecke
algebras. Let A = .., m;A; be a dominant weight of level [ for the root system
of type Au, so each m; is a non-negative integer and ) ,_, m; = I. The degenerate
cyclotomic Hecke algebra parametrized by A is the quotient Hy(A) of Hy by the
two-sided ideal generated by the polynomial [, ,(z1 — @)™ If A = A (or any
other weight of level [ = 1) then Hy(A) = CS, as above.

Fix now a partition A = (p; < --- < p,) of N, let (g1 > -+ > q;) be the
transpose partition, and take the dominant weight A from the previous paragraph
to be the weight A = 22:1 Ag,—n. Up to change of origin, any A arises in this way
for suitable A. We identify A with its Young diagram, numbering rows by 1,...,n
from top to bottom in order of increasing length, and columns by 1,. .., from left
to right in order of decreasing length, so that there are p; boxes in the ith row
and ¢; boxes in the jth column. Since these are not the standard conventions, we
give an example. Suppose A = (p1, p2, p3) = (2,3,4), 50 (q1, 92,43, 94) = (3,3,2,1),
A=2Ag+A_1+A_5, N=9, n=3, and the level [ = 4. The Young diagram is

1[4

215|7

316[8]9]
We always number the boxes of the diagram 1,..., N down columns starting from
the first column, and write row(¢) and col(¢) for the row and column numbers of the
ith box. This identifies the boxes with the standard basis vy, ..., vy of the natural

g-module V. Define e € g to be the nilpotent matrix of Jordan type A which maps
the basis vector corresponding the ith box to the one immediately to its left, or to
zero if there is no such box; in our example, e = ej 4 +e25+e57+e36+€e68+€s9.
Finally, define a Z-grading g = €D, ., 8- on g by declaring that e; ; is of degree
col(j) —col(i) for each i, j =1,..., N, and set p = P, ~( 8-, = go,m =D, _( 9r-
The element e € g; is a Richardson element in the parabolic subalgebra p, so the
centralizer g. of e in g is a graded subalgebra of p. Hence its universal enveloping
algebra U(g.) is a graded subalgebra of U(p).

Our first main result is best understood as a filtered deformation of the fol-
lowing extension of the classical Schur—-Weyl duality to the centralizer g.. Let
Ci[z1, ..., z4] be the level | truncated polynomial algebra, that is, the quotient of
the polynomial algebra C[z1,...,z4] by the relations 2} = - = 2, = 0. Extend
the usual right action of S; on V®¢ to an action of the twisted tensor prod-
uct Cy[zq,...,24] @ CSy by defining the action of z; to be as the endomorphism
120-D @e®1®(@=%) _ This commutes with the natural action of g., making V® into
a (U(ge), Ci[z1,...,24)® CSg)-bimodule. We have thus defined a homomorphism
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¢q and an antihomomorphism 4:

Ulge) 2% Ende(V®?Y) L2 Clay, . .., 24) @ CSa.

Now a result of Vust [KP, §6] asserts that these maps have the double centralizer
property, i.e. the image of ¢4 is the centralizer of the image of 14 and vice versa.
This is a surprising consequence of the normality of the closure of the conjugacy
class containing e.

In our filtered deformation of this picture, we replace C;[z1,...,24]®@ CSy
with the degenerate cyclotomic Hecke algebra Hg(A), and U(g.) with the finite
W-algebra W (\) associated to the partition A. Let us recall the definition of the
latter algebra following [BK3]; see also [P1, P2, GG, BGK]. Let n : U(p) — U(p)
be the algebra automorphism defined by

n(eis) = e+ 0ij (N — deor() — deol(j+1 =+ — @)

for each e; ; € p. Let I, be the kernel of the homomorphism x : U(m) — C defined
by x +— (x,e) for all z € m, where (-,-) is the trace form on g. Then, by the
definition followed here, W (A) is the following subalgebra of U(p):

W) ={uecU(p) | [z,n(uw)] € U(g)L, for all z € m}.

The grading on U(p) induces a filtration on W (A) so that the associated graded
algebra gr W (A) is naturally identified with a graded subalgebra of U(p); this is
the loop or good filtration of the finite W-algebra, not the more familiar Kazhdan
filtration. A key point is that, by a result of Premet [P2, Proposition 2.1], the
associated graded algebra gr W(\) is equal to U(g.) as a graded subalgebra of
U(p), hence W () is indeed a filtered deformation of U(ge).

We still need to introduce a (W (), Hg(A))-bimodule V¥4 which is a filtered
deformation of the (U(g.),Ci[z1,...,2q4]® CSy)-bimodule V¥ from above. The
left action of W () on V¥ is simply the restriction of the natural action of U(p).
To define the right action of Hy(A), let Sy act on the right by place permutation
as usual. Let z; act as the endomorphism

N d N
(e +> (Geor(s) — n)ej,j) ®IPED 3" N £ ;01°F D Re;; @1907R),

j=1 k=2 i,7=1

col(4)<col(j)

This extends uniquely to make V®¢ into a (W (\), Hy(A))-bimodule. To explain
why, let @, denote the g-module U(g)/U(g)l,. It is actually a (U(g), W(X))-
bimodule, the action of u € W (A) arising by right multiplication by n(u) (which
leaves U(g)I, invariant by the above definition of W (X)). Let C(\) be the cate-
gory of generalized Whittaker modules, that is, the g-modules on which z — x(x)
acts locally nilpotently for all x € m. By Skryabin’s theorem [Sk|, the func-
tor Q@ ®wn)? @ W(A)-mod — C()) is an equivalence of categories. The W (\)-
module V®4 corresponds under this equivalence to the g-module M @ V®¢, where
M = Q, ®w ) C and C is the restriction of the trivial U(p)-module. The above
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formula for the action of z; on V®? arises by transporting its action on M @ V&4
from [AS, §2.2] through Skryabin’s equivalence.
We have now defined a homomorphism ®; and an antihomomorphism W :

W) 2% Ende(VEY) &L Hy(A).

Let W4(A) denote the image of ®4. This finite-dimensional algebra is a natural
analogue of the classical Schur algebra for higher levels. Let Hy(\) denote the
image of the homomorphism ¥, : Hy(A) — Endc(V®?)°P, so that V4 is also a
(W4(X), Hg(N))-bimodule. Actually, if at least d parts of A are equal to I, then the
map U, is injective so Hg(A\) = Hg(A). In general Hg()\) is a sum of certain blocks
of the finite-dimensional algebra Hy(A). In view of the fact that Wy(\) and Hg())
are usually not semisimple algebras, the following result was to us quite surprising.

Theorem A. The maps ®y and V4 have the double centralizer property, i.e.
Wa(X) ZEnde(,\)(Vm)’
Endyy,(x) (VE4)P = Ha(N).
Moreover, the functor
Homyy, (5 (V¥4 ?) : Wy(A)-mod — Hgy(\)-mod
is an equivalence of categories.

Our second main result is concerned with the parabolic analogue of the BGG
category O for the Lie algebra g relative to the subalgebra p. Let P denote the
module U(g) ®y () C—, induced from the one-dimensional p-module C_, on which
each e; ; € p acts as 05 ;(q1+- - - +gco(;) —n). This is an irreducible projective mod-
ule in parabolic category O. Let O%()\) denote the Serre subcategory of parabolic
category O generated by the module P ® V®9. We note that O%()\) is a sum of
certain integral blocks of parabolic category O, and every integral block is equiva-
lent to a block of O4()) for sufficiently large d. Moreover, the module P V®? is a
self-dual projective module in O%(\), and every self-dual projective indecomposable
module in O¢()\) is a summand of P ® V¥4, In equivalent language, P ® V®? is a
prinjective generator for O%(\) where by a prinjective module we mean a module
that is both projective and injective. Applying the construction from [AS, §2.2]
once more, we can view P ® V®? as a (g, Hy)-bimodule. It turns out that the
right action of Hy on P ® V®9 factors through the quotient Hy(\) of Hy to make
P ® V® into a faithful right H;(\)-module, i.e. Hy()\) — Endc(P ®@ V®4)°P.

Theorem B. End,y (P ® V®4)°P = H,y(N).
The link between Theorems A and B is provided by the Whittaker functor
V : OYN) — Wy(M\)-mod

introduced originally by Kostant and Lynch [Ly] and studied recently in [BK3,
§8.5]: the W4(\)-module V®¢ from above is isomorphic to V(P®V ®?). We actually
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show that Homg (P @ V®4,?) = Homyy,(\)(V®%,7) o V, i.e. the following diagram
of functors commutes up to isomorphism:

04(N)

A% Homy (PRV®?,7?)

Wi(A)-mod Hy(\)-mod

Homwdo\) (V®d7?)
The categories Wi(A)-mod and Hg;(A)-mod thus give two different realizations of
a natural quotient of the category O%(\) in the general sense of [Gab, §III.1],
the respective quotient functors being the Whittaker functor V and the functor
Homy (P @ V&4, 7).

In many circumstances, the Whittaker functor turns out to be easier to work
with than the functor Homg (P ® V®< ?), so this point of view facilitates vari-
ous other important computations regarding the relationship between O%()\) and
H;(M\)-mod. For example, we use it to identify the images of arbitrary projec-
tive indecomposable modules in O%(\) with the indecomposable summands of the
degenerate analogues of the permutation modules introduced by Dipper, James
and Mathas [DJM]. Also, we identify the images of parabolic Verma modules with
Specht modules, thus recovering formulae for the latter’s composition multiplicities
directly from the Kazhdan—Lusztig conjecture for g. The degenerate analogue of
Ariki’s categorification theorem from [A] follows as an easy consequence of these
results, as we will explain in more detail in a subsequent article [BK4].

Theorem B should be compared with Soergel’s Endomorphismensatz from
[S]; the connection with Whittaker modules in that case is due to Backelin [Ba].
As observed originally by Stroppel [S1, Theorem 10.1] (as an application of [KSX,
Theorem 2.10]), there is also a version of Soergel’s Struktursatz for our parabolic
setup: the functor Homgy(P ® V@d ?7) is fully faithful on projective objects. From
this, we obtain the third main result of the article.

Theorem C. If at least d parts of A are equal to I, there is an equivalence of cate-
gories between O4(\) and the category of finite-dimensional modules over a degen-
erate analogue of the cyclotomic q-Schur algebra of Dipper, James and Mathas.

The proof of Theorem C explains how the category O%()) itself can be re-
constructed from the algebra Hg;()\). Unfortunately, this approach does not give
a direct construction of the individual blocks of O4()), rather, we obtain all the
blocks simultaneously. For this reason, it is important to find some more explicit
information about the individual blocks of the degenerate cyclotomic Hecke alge-
bras, especially their centers; see [Kh, S2] for further motivation for such questions.
As an application of the Schur-Weyl duality for higher levels developed here, the
first steps in this direction have recently been made in [B2, B3, S3]: the centers of
the blocks of degenerate cyclotomic Hecke algebras (and of the parabolic category
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04()\)) are now known explicitly and are isomorphic to cohomology algebras of
Spaltenstein varieties.
Let us now explain the organization of the remainder of the article.

e In Section 2, we introduce some notation for elements of the centralizer g,
and then review Vust’s double centralizer property.

e In Section 3, we define the algebras Wy(\) and Hy(A) and prove the filtered
version of the double centralizer property, ultimately as a consequence of
Vust’s result at the level of associated graded algebras.

e In Section 4, we review some known results about parabolic category O and
the subcategory O%()). In particular, we reformulate Irving’s classification [I]
of self-dual projective indecomposable modules in terms of standard tableaux,
and we introduce some natural projective modules in O4()\) built from di-
vided powers.

e In Section 5, we prove Theorems A and B, modulo one technical fact the
proof of which is deferred to Section 6. We also formulate a characterization
of the Whittaker functor V which is of independent interest, and we explain
how to recover the degenerate analogue of a theorem of Dipper and Mathas
[DM] in our framework.

e In Section 6, we use certain weight idempotents in W4(\) to relate the projec-
tive modules in O%(\) built from divided powers to the permutation modules
of Dipper, James and Mathas, completing the proof of Theorem C. In similar
fashion, we relate parabolic Verma modules to Specht modules.

e Finally, there is an appendix giving a short proof of the fact that the degen-
erate cyclotomic Hecke algebras are symmetric algebras.

2. Vust’s double centralizer property

In this section we formulate Vust’s double centralizer theorem for the centralizer
of the nilpotent matrix e. This is the key technical ingredient needed to prove the
main double centralizer property formulated in Theorem A in the introduction.

2.1. The centralizer g,

We continue with the notation from the introduction. So, g = gl (C) with natural
module V, and A = (0 < p; < --- < p,) is a partition of N with transpose
partition (g1 > --- > ¢ > 0). In [BK3]|, we worked in slightly greater generality,
replacing the Young diagram A with an arbitrary pyramid. There seems to be
little to be gained from that more general setup (see [MS, Theorem 5.4] for a
more precise statement), and many things later on become harder to prove, so we
will stick here to the left-justified case. To help in translation, we define the shift
matrix o = (s;;)1<i,j<n from BK3, §3.1] by s;; = p; —p; if i < j, 8;; = 0 if
¢ > j. Numbering the boxes of A as in the introduction, let L(7) resp. R(i) be the
number of the box immediately to the left resp. right of the ith box in the diagram
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A, or () if there is no such box. Let

I={1,...,N},
J={(,7) € I xI|col(i) <col(j), R(j) =0},
K= {(iajvr) | 1 < Za] < n, Si,j <r <p]}

The map J — K, (i,) — (row(i),row(j), col(j) — col(7)), is a bijection.

The nilpotent matrix e € g maps v; — vr(;), with vy interpreted as 0. Let ge
be the centralizer of e in g and let G, be the corresponding algebraic group, i.e.
the centralizer of e in the group G = GLn(C). It is well known (see e.g. [BK2,
Lemma 7.3]) that the Lie algebra g. has basis {e; ;.» | (¢,4,r) € K} where

€ijir = > €hk- (2.1)
h,kel

row(h)=1, row(k)

col(k)—col(h)=

=Jj

-

For example, if A is the partition whose Young diagram is displayed in the intro-
duction and n = 3, then

€3,2.0 = €32 + €65 1+ €87, €231 = €26t €58+ €79, €1,3;3 = €1,9-

Note that according to this definition the notation e; ;.. still makes sense even if
r > pj, but then it is simply equal to zero. We will often parametrize this basis
instead by the set J: for (i, j) € J, let

iy = €ij +erg,ry) + + ek, Lri), (2.2)

where & = col(i) — 1. This is the same as the element €;ow(4) row(j),col (j)—col(s) fTom
(2.1), so in this alternate notation our basis for g is the set {&; ; | (¢,7) € J}.

2.2. The graded Schur algebra associated to e

Consider the associative algebra M, of all N x N matrices over C that commute
with e. Of course, M, is equal to g. as a vector space; indeed, g. is the Lie
algebra equal to M. as a vector space with Lie bracket being the commutator.
Multiplication in M, satisfies

€i,5;7€h k;s = 6h,jei,k;r+s

for 1 <4,5,h,k <n,r > s;; and s > sp . Note also that the algebraic group G,
is the principal open subset of the affine variety M, defined by the non-vanishing
of determinant. The coordinate algebra C[M,] of M, is the polynomial algebra
Clzi i | 1 <4,5 <n,s;; <r < p;], where z; j;, is the coordinate function picking
out the e; ;.,-coefficient of an element of M, when expanded in terms of the above
basis. The natural monoid structure on M, induces a bialgebra structure on C[M,],
with comultiplication A : C[M,] — C[M.]|®C[M.] and counit ¢ : C[M.] — C given
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on generators by

n
Az i) = Z Z Tikss @ Thjit,  E(Tigr) = 0i,50r0
k=1 s+t=r
8285 k
t>sp, 4
for 1 <4,j <nand s;; <r < pj. The localization of C[M,] at determinant is
the coordinate algebra C[G.] of the algebraic group G., so it is a Hopf algebra.
We make C[M.] into a graded algebra, C[M.] = @ -, C[Mc]q, by defining the
degree of each polynomial generator x; ;.. to be 1. Each C[M,], is then a finite-
dimensional subcoalgebra of the bialgebra C[M.]. Hence the dual vector space
C[M.]} has the natural structure of a finite-dimensional algebra.

We pause to introduce some multi-index notation. Let 1% denote the set of
all tuples ¢ = (41,...,4q) with each iy € I. Let J% denote the set of all pairs
(i,7) of tuples 4 = (iy,...,iq) and j = (j1,...,ja) with each (i, ji) € J. Let K¢
denote the set of all triples (¢, 7,7) of tuples i = (i1,...,%4),5 = (J1,---,ja) and
r = (r1,...,rq) with each (ig,jr,7r) € K. The symmetric group Sy acts on the
right on the set I%; we write 4 ~ j if the tuples 4 and j lie in the same Sy-orbit. Sim-
ilarly, Sq acts diagonally on the right on the sets J¢ and K?. Choose sets of orbit

representatives J9/S; and K9/S,. For i € I?, let row(i) = (row(i1),...,row(ig)),
and define col(2) similarly. Then the map
Jd - Kd7 (’L,]) = (I‘OW(i),I‘OW(j), COI(J) - COl(i))7 (23)
is an Sg-equivariant bijection. Finally, given 2 € I% and 1 < j < d, let
N (’il, e ,Z'jfl, L(ij),ij+1, ce ,id) if L(ZJ) 7é (Z),
L;(@) = {@ otherwise. (2.4)

Define R;(%) similarly.

Now we can write down an explicit basis for the algebra C[M.]};. The mono-
mials @ j.r = Tiy jiim - Tigjura fOr (4,3,7) € K/Sy clearly form a basis for
C[M,]q. Let {& jir | (3,3,7) € K%/S4} denote the dual basis for C[M,]5. Multi-
plication in the algebra C[M.]} then satisfies

§ijirlhks = Z a3 j hk,p.qir.s,tSp.gsts (2.5)
(p,qt)EK?/Sq
where
(pa m, u) ~ (ivj’ T‘)
Qi,5,h,k,p,q;r,8,t = # (m7 u, ’U) (ma q, 'U) ~ (h'a k, S)
utv=t
All this is a straightforward generalization of [G, Ch. 2].
Next we want to bring the universal enveloping algebra U(g.) into the picture.
The augmentation ideal of the bialgebra C[M,] is the kernel of ¢ : C[M,.] — C.
The algebra of distributions

Dist(M.) = {u € C[M.]* | u((kere)™) = 0 for m > 0}
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has a natural bialgebra structure dual to that on C[M,] itself. It is even a Hopf
algebra because there is an isomorphism U(g,) — Dist(M.) induced by the Lie
algebra homomorphism g, — Dist(M.),e;j; — €0 & see [J, L7.10(1)]. We
i
will always from now on identify U(g.) with Dist(M,) in this way, i.e. elements of
U(g.) are functions on C[M.]. Define an algebra homomorphism
ma : Ulge) — C[Melg
by letting 74(u)(x) = u(z) for all u € U(g,) and x € C[M,]q.

Lemma 2.1. 7y is surjective.

Proof. Suppose not. Then we can find 0 # x € C[M,]4 such that m4(u)(x) = 0 for
all v € U(g.). Hence, for each m > 1, we have u(z) = 0 for all u € C[M,]* with
u((kere)™) =0, i.e. z € (kere)™. But [,,>, (kere)™ = 0. O

2.3. The graded double centralizer property

The natural g-module V' can be viewed as a right C[M,]-comodule with structure
map

V-V® (C[Me]v Vj = Zvi ® Trow (i),row(5);col(j)—col(i)s (26)
i€l

where the sum is over all ¢ satisfying s; ; < col(j) — col(i) < p;. Since C[M.] is a

bialgebra we get from this a right C[M,]-comodule structure on the tensor space
V@ The image of the structure map of this comodule lies in V®¢ ® C[M,]4, so
V@ is actually a right C[M.]4-comodule, hence a left C[M.]*-module. Let

wq : C[M,]}; — Endc(V®?)

be the associated representation. For 4,5 € I, let v; = v;, ® --- @ v;, € V& and
€ij = €iyj; Q- D€y 4, € Endc(v®d). For (’L,_]) S Jd, let

§ij = Z s @ @ Ehy ks (2.7)
(h,ke)~(2,5)
recalling (2.2). Using (2.6), one checks for (3,7) € J¢ that
§i7j = wd(frow(i),row(j);col(j)7001(1'))~

Hence, recalling (2.3), wg maps the basis {& j.» | (4,4,7) € K%/S;} of the algebra
C[M,]; to the set {& ;| (4,7) € J%/Sq} in Endc(V®Y).

Lemma 2.2. wy s injective.

Proof. The vectors {&; ; | (¢,7) € J%/S4} are linearly independent. O

Introduce the twisted tensor product algebra C;[xy, ..., zq4]® CSy acting on
the right on the space V®? as in the introduction.
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Lemma 2.3. Suppose we are given scalars a; j € C such that the endomorphism
> ijera @i jéij of Ve commutes with the action of Ci[zy,...,24)@ CSq. Then
Qi j = Qi jow for all w € Sg, a;; =0 if col(ix) > col(jx) for some k, and

Q4,5 = QR (4),Ri(4)
for all k with Ry(j) # 0 (the right hand side is interpreted as 0 in case Ry (i) = 0).

Proof. The image of v; under the given endomorphism is ) ;.4 a; jv;. Applying
w € S4, we get Zield @3 jV;i.w- This must equal the image of vj.,, under our
endomorphism, i.e. Zield Qi j-wViw- Bquating coefficients gives a; j = 4w, j.w-
A similar argument using wj, in place of w yields ag,;); = a4,1,(;), With the
left resp. right hand side interpreted as zero if Ry (i) = 0 resp. Li(j) = 0. The
remaining statements follow easily from this. O

Finally, let ¢g : U(ge) — Endc(V®?) be the representation induced by the
natural action of the Lie algebra g. on the tensor space. By the definitions, ¢4 is
precisely the composite map wg o 74, so Lemmas 2.1 and 2.2 show that its image
is isomorphic to C[M,]5. Also let ¢4 : Cilx1,...,24)®CSy — Endc(V®?)°P be
the homomorphism arising from the right action of C;[xy,...,74]® CSy on V4.
Thus, we have defined maps

U(ge) 2% Ende(V®?) &4 Cylay, . .., 24)@ CSy. (2.8)

The Z-grading on g from the introduction extends to a grading U(g) = @, 5, U(g),
on its universal enveloping algebra, and U(g.) is a graded subalgebra. Make V
into a graded module by declaring that each v; is of degree I — col(i). There are
induced gradings on V®? and its endomorphism algebra Endc(V®?), so that the
map ¢g4 is then a homomorphism of graded algebras. Also define a grading on
Cilz1, ..., 24l @ CSy by declaring that each x; is of degree 1 and each w € Sy is of
degree 0. The map 14 is then a homomorphism of graded algebras too.

Theorem 2.4. The maps ¢q and g have the double centralizer property, i.e.
¢a(U(ge)) =Endg, o, ... su1@ s, (VED,
Endg, (VE)P = 4(Cy[z1, . .., 24] @ CSy).
Moreover, if at least d parts of \ are equal to [, then the map g is injective.

Proof. The second equality follows by a theorem of Vust; see [KP, §6]. For the
first equality, note that by Lemma 2.3 any element of End, [ml,...,xd]@;CSd(V@d) is
a linear combination of the elements &; ; from (2.7). These belong to the image of
¢q by Lemma 2.1. Finally, assume that at least d parts of A\ are equal to [. Take

any i € I? such that 4y,...,i4 are all distinct and col(i;) = --- = col(ig) = I.
Then, for 0 < ry,...,rq < l and w € 84, we have v;a]" -- -z w = v; where
j=L7"o---0oL}(i)-w. These vectors are obviously linearly independent, hence
the vector v; € V&% generates a copy of the regular C;[z1,. .., 74 ® CSq module.

This implies that 14 is injective. O
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Remark 2.5. Theorem 2.4 is true over an arbitrary commutative ground ring R
(instead of just over the field C) providing one replaces the universal enveloping
algebra U(g.) everywhere with the algebra of distributions of the group scheme
G, over R. To obtain this generalization, one first treats the case of algebraically
closed fields of positive characteristic, using the arguments above together with a
result of Donkin [Do, Theorem 2.3c] in place of [KP, §6]. From there, the result
can be lifted to Z, hence to any other commutative ground ring.

3. Higher level Schur algebras

In this section we develop the filtered deformation of Vust’s double centralizer
property. This leads naturally to the definition of certain finite-dimensional quo-
tients Wy(\) of finite W-algebras, which we call higher level Schur algebras.

3.1. The finite W-algebra as a deformation of U (g.)

Recall that
mi@Era h:907 p:@gr-

r<0 r>0
Define the finite W-algebra W () associated to the nilpotent matrix e as in the
introduction; see also [BK3, §3.2]. As an algebra, W(\) is generated by certain
elements
(T | (iir) € K)
of U(p) described explicitly in [BK3, §3.7]. The grading on p extends to give a
grading U(p) = €D, ~, U(p), on its universal enveloping algebra. In general, W (\)

is not a graded subalgebra, but the grading on U(p) does at least induce a filtration
FoWA) CF, W) C--- on W(A) with

s=0

The associated graded algebra gr W(\) is canonically identified with a graded
subalgebra of U(p). The first statement of the following lemma is a special case of
a general result about finite W-algebras due to Premet [P2, Proposition 2.1]; see
also [BGK, Theorem 3.8].

Lemma 3.1. We have gr W(A) = U(g.). In fact, for (i,4,7) € K, we have Ti;—i_l) €
F,W(X) and gr T+ = (—1)e; j.r, wheree; ;.. is the element of U(g.) from (2.1).

T 1,7
Proof. The fact that gr, Ti(gﬂ) = (—1)"e; j;r follows by a direct calculation using
[BK3, Lemma 3.4]. By [BK3, Lemma 3.6], ordered monomials in the elements
(1Y | (i,4,r) € K} form a basis for W()). Combining this with the PBW
theorem for U(g.), we deduce that gr W(\) = U(g.). O
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3.2. Filtered deformation of tensor space

For the remainder of the article, ¢ = (cy,...,¢) € C! will denote a fixed choice of
origin; in the introduction we discussed only the most interesting situation ¢ = 0,
ie. when ¢; = -+ = ¢ = 0. Let 9. : U(p) — U(p) denote the automorphism
mapping e; ; — €;; + 0; jCeol(i) for each e;; € p. Let Vc®d denote the graded
U(p)-module equal as a graded vector space to V®¢ but with action obtained by
twisting the natural action by the automorphism 7, i.e. u - v = ne(u)v. Also let
C. = Cl1. denote the one-dimensional p-module on which each e; ; € p acts by
multiplication by 6; jceo1(s); in particular, Co is the trivial module C. Obviously,
we can identify
(Cc ® V®d _ Vc®d

so that 1. ® v = v for every v € V®I. By restriction, we can view V¢ also as a
graded g.-module. The resulting representation

ba.e : U(ge) — Ende(VEY (3.1)

is just the composition ¢4 o 7. where ¢4 is the map from (2.8). Because the auto-
morphism 7. of U(p) leaves the subalgebra U(g.) invariant, the image of ¢qc is
the same as the image of ¢4 itself. So the statement of Theorem 2.4 remains true
if we replace ¢q with ¢g c.
Of course, we can also consider C. and V2% as W (\)-modules by restriction.
Let
Dge: W(A) — Ende(V,E) (3.2)

be the associated representation. View the graded algebra Endc(V,29) as a filtered
algebra with degree r filtered piece defined from

F, Endc(VEY) = @ Endc(VEY),.
s<r
The homomorphism @, is then a homomorphism of filtered algebras. Moreover,
if we identify the associated graded algebra gr Ende(V,2?) simply with Endc(V,29)
in the obvious way, Lemma 3.1 shows that the associated graded map

gr ®g.c 0 gr W(A) — Ende (V)

coincides with the map ¢q .. We stress that the automorphism 7. of U(p) does not
in general leave the subalgebra W (\) invariant (unless ¢; = --- = ¢;), so unlike
¢d,c the image of the map ®,4 . definitely does depend on the choice of c.

3.3. Skryabin’s equivalence of categories

Recall the (U(g), W(X))-bimodule @, = U(g)/U(g)I, and the automorphism 7
from the introduction. We write 1,, for the coset of 1 in Q.. Let C(\) denote the
category of all g-modules on which x — x(z) acts locally nilpotently for all z € m.
Then, by Skryabin’s theorem [Sk], the functor

Qx®wn? : W(A)-mod — C(N)
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is an equivalence of categories; see also [BK3, §8.1]. Conversely, given M € C()),
the subspace

Wh(M) ={ve M| zv=x(z)v for all z € m} (3.3)
is naturally a W (\)-module with action u - v = n(u)v for u € W(A),v € Wh(M).
This defines a functor Wh : C(\) — W (A)-mod which gives an inverse equivalence

to Qx®wn)?
Given any M € C(\) and any finite-dimensional g-module X, the tensor
product M ® X belongs to C(\). This defines an exact functor

20X :C(\) — C(N).

Transporting through Skryabin’s equivalence of categories, we obtain a correspond-
ing exact functor

?® X : W(A)-mod — W(A)-mod, M — Wh((Qy @wn) M)® X);

see [BK3, §8.2].
Given another finite-dimensional g-module Y and any W (\)-module M, there
is a natural associativity isomorphism [BK3, (8.8)]:

avxy: Me®X)®Y S Me(X®Y). (3.4)

Suppose that M is actually a p-module, and view M and M ® X as W(A)-
modules by restricting from U(p) to W(A). Consider the map

[LJVLX : (QX ®W()\) M) RX ->MxX (35)
such that (n(u)l, ® m) ® ¢ — um @ « for v € U(p), m € M and = € X. The

restriction of this map to the subspace Wh((Q, ®w ) M) ® X) obviously defines
a homomorphism of W (A)-modules

prx MeX S Mo X. (3.6)

Much less obviously, this homomorphism is actually an isomorphism; see [BK3,
Corollary 8.2].

We are going to apply these things to the dth power (? ® V)4 of the functor
?® V; we will often denote this simply by ?® V®4. To start with, take the module
M to be the one-dimensional p-module C.. Composing d isomorphisms built from
(3.4) and (3.6) in any order that makes sense, we obtain an isomorphism

pg:Ce®V® 5 Co Ve = y2d (3.7)

of W(A)-modules. The associativity “pentagons” from [BK3, (8.9)—(8.10)] show
that this definition is independent of the precise order chosen. For example, pq :
C. — C, is the identity map and pg is the composite

(Cp ® VO-D) gy MOV, pa-1) gy fvetby yod (3.8)
for d > 1. Alternatively, uq is the composite
Ce® V&L 2, C pVed L™, yad (3.9)
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where ag : C. — C, is the identity map and aq4 is the composite

aqg—1®idy Ao, v®(d—1

(Cc®VEUI-D) gV (Cc®VEUE-D) gV LY, C.@ Vel
for d > 1. The following technical lemma will be needed to compute the isomor-
phism pi¢, yes appearing in (3.9) explicitly later on. Recall I ¢ denotes the set of
multi-indices 4 = (i1, ...,iq) € [T and v; = v;; ® -+ @ v;,.

Lemma 3.2. For all i,j € 1%, there exist elements x; j € U(p) such that

i) lesq,n(x;4)] + rE ) € U(g)l, for each e; ; € m, where the sum is over
NERACEN k NTk,j g)x J
all k € I? obtained from i by replacing an entry equal to i by j;

(i) @;; acts on the module C. as the scalar 0; ;.

The inverse image of vj € V& under the isomorphism pe, ved 1S equal to

> (@il @ 1e) ®v; € Ce ® VEL C (Qy Ry () Ce) @ V!
icld

for any such choice of elements x; ;.

Proof. The existence of such elements follows from [BK3, Theorem 8.1]; one needs
to choose the projection p there in a similar way to [BK3, (8.4)] so that all u € U(p)
with p(u-1,) = 0 act as zero on C,. The second statement then follows from the
explicit description of the map ¢, yed given in [BK3, Corollary 8.2]. O

3.4. Action of the degenerate affine Hecke algebra

Now we bring the degenerate affine Hecke algebra H; into the picture following
the approach of Chuang and Rouquier [CR, §7.4]. Consider the functor ? ® V' on
g-modules. Define an endomorphism z: ?7® V — 7 ® V by letting

Ty MV - MV (3.10)
denote the endomorphism arising from left multiplication by Q = Zle:l € ®e;j,

for each g-module M. Define an endomorphism s : (7@ V)V — (?7@V)®V by
letting

sM-MRIVRV ->MeVeV (3.11)
denote the endomorphism arising from left multiplication by 1®€, i.e. mQuev’ —
m ® v ® v. More generally, for any d > 1, there are endomorphisms 1, ..., x4,
51,...,84_1 of the functor ? ® V®? = (? ® V)¢ defined by

r; = 1971217 s = 1977 197 (3.12)

By [CR, Lemma 7.21], these endomorphisms induce a well-defined right action
of the degenerate affine Hecke algebra Hy on M ® V®¢ for any g-module M.
This is precisely the action from [AS, §2.2] described at the beginning of the
introduction. Transporting « and s through Skryabin’s equivalence of categories,
we get endomorphisms also denoted x and s of the functors 7®V and (?7®@V)®V;
see [BK3, (8.13)—(8.14)]. Once again, we set

z; =11 sy =19 s (3.13)
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to get endomorphisms 1, ..., 4, s1,...,54_1 of the functor ? ® V&4 = (? @ V)¢
for all d > 1. By [BK3, (8.18)—(8.23)], these induce a well-defined right action of
the degenerate affine Hecke algebra Hy on M ® V&2 for any W ()\)-module M.

Returning to the special case M = C, once again, we have made C. ® V®4¢
into a (W (), Hy)-bimodule. Using the isomorphisms C.®V®? = C.@V®4 = &4
from (3.9), we lift the Hz-module structure on C, ® V®? first to C, ® V®¢ and
then to V.9 to make each of these spaces into a (W(\), Hy)-bimodule too. Let
us describe the resulting actions of the generators of Hy; on C. ® V®? and on
V24 more explicitly. For C. ® V®4, this is already explained in [BK3, §8.3]: the
conclusion is that x; and s; act on

Ce® Vet (Qx Qw () Ce) ® yed

in the same way as the endomorphisms defined by multiplication by >~ _, QI+l
and QU172 respectively. Here, Q15 denotes Zf\fj:l 190D Re, ;@196 Vg
ej,i<§§>1®(d‘*‘1_s)7 with @ @y () Ce treated as the first tensor position and the copies
of V as positions 2,3,...,d 4+ 1. We now describe the action of Hy on Vc®d. Each
s; acts by permuting the ith and (i + 1)th tensor positions, as follows from the
naturality of uc, yed : Co ® Ved — V&4 The action of each z; is more subtle,
and is described by the following lemma; the formula for the action of z; on V®¢
from the introduction is a special case of this.

Lemma 3.3. Fori € I¢ and 1 < j < d, the action of xz; on V24 satisfies

025 = Vr,;(5) T (Ceol(iy) + Geol(iy) — M)Vi + Z Vi-(k j) — Z Vi-(j k)
1<k<j j<k<d
col(i)>col(s;) col(ig)<col(i;)
(Recalling (2.4), the term vy 5y should be interpreted as 0 in case Lj(i) = 0).)

Proof. Note that x;41 = s;jxjs; + s;. Using this and induction on j, one reduces
just to checking the given formula in the case j = 1. Let p denote the map fic_ yed
from (3.5). Choosing elements z; ; € U(p) as in Lemma 3.2, we have

VT = M(Q[M] > (gl ®1e) @ Uj) = nl(ejm(w5.)15 ® 1e) @ vg)
jerd J:k

where the last sum is over j,k € I¢ with jo = ko, ..., jq = kq. Suppose first that
col(j1) < col(ki). By Lemma 3.2(ii), u((ej, 1 n(zj,:)1y ® 1c) ® vi) = 0 unless
t =3 = k, in which case

(€5, M(25,5) 1y @ 1) @ ) = (Ceol(iy) + Geol(iy) + -+ + @ — 1) Vs

Now consider the terms with col(j1) > col(ky). By Lemma 3.2(i), we see that
e (@)l = n(zj.4)€5 1 1y — >op N(@h,i)1y where the sum is over all b € I¢
obtained from j by replacing an entry equal to j; by ki. Since x(ej, x,) is zero
unless k1 = L(j1) when it is simply equal to 1, and by Lemma 3.2(ii), it follows
that these terms contribute v, ;) — Zj’k v where the sum is over all j,k € I¢
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such that col(j;) > col(k1), jo = ka2,...,ja = ka, and % is obtained from j by
replacing an entry equal to j; by k;. This simplifies further to give

VL, @) — (Qeol(in)+1 T + q)vi — Z Vi-(1k)s
1<k<d
col(ix)<col(i1)

which added to our earlier term gives the conclusion. O

3.5. Degenerate cyclotomic Hecke algebras

Now we pass from the degenerate affine Hecke algebra to its cyclotomic quotients.

Lemma 3.4. For d > 1, the minimal polynomial of the endomorphism of V¢
defined by the action of x1 is Hizl(l‘ —(¢i +qi —n)).

Proof. In the special case d = 1, this is clear from Lemma 3.3. By the definition
of x1, it follows that for any d > 1, the minimal polynomial certainly divides
Hi:l (r—(ci+g;—n)). Finally, by Lemma 3.3, the endomorphism of V,2¢ defined by
71 belongs to F; Ende(V,2?), and the associated graded endomorphism of V.4 is
equal to e®1®(@=1_ This clearly has minimal polynomial exactly equal to z!, since I
is the size of the largest Jordan block of e. This implies that the minimal polynomial
of the filtered endomorphism cannot be of degree smaller than [, completing the
proof. O

Let A = 22:1 A¢,4¢;,—n, an element of the free abelian group generated by
the symbols {A, | a € C}. The corresponding degenerate cyclotomic Hecke algebra
is the quotient Hy(A) of Hy by the two-sided ideal generated by Hézl(xl — (e +
¢; —n)). In view of Lemma 3.4, the right action of Hy on V¢ factors through the
quotient Hg(A), and we obtain a homomorphism

W, : Hy(A) — Endc(VE9)°P, (3.14)

Define a filtration Fo Hg(A) C F; Hy(A) C -+ by declaring that F,. Hg(A) is the
span of all xil-umifw for 41,...,iq > 0 and w € Sg with 47 + -+ +ig5 < 7.
Recalling the graded algebra C;[zq,...,x4]® CSy from the previous section, the
relations imply that there is a well-defined surjective homomorphism of graded
algebras

Cd : (Cl[l‘h A ,xd]®(CSd — ngd(A)
such that z; — gryz; for each i and s; — grys; for each j. Moreover, by
Lemma 3.3, the map ¥, from (3.14) is filtered and
(gr ¥a) o Ca = Ya. (3.15)

Lemma 3.5. The map (4 : Cilxy,...,24]@CSy — gr Hy(A) is an isomorphism of
graded algebras. If in addition at least d parts of A are equal to | then the map
gr Wy, hence also the map V4 itself, is injective.
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Proof. We can add extra parts equal to [ to the partition A if necessary to assume
that at least d parts of A are equal to [ without affecting A or the map (4. Under this
assumption, the last sentence of Theorem 2.4 asserts that the map 14 is injective.
Hence by (3.15) the maps (4 and gr ¥, are injective too. O

3.6. The filtered double centralizer property

To prove the main result of the section we just need one more general lemma.

Lemma 3.6. Let ®: B — A and ¥ : C — A be homomorphisms of filtered algebras
such that ®(B) C ZA(V(C)), where Zo(V(C)) denotes the centralizer of U(C)
in A. View the subalgebras ®(B), ¥(C) and Zo(V(C)) of A as filtered algebras
with filtrations induced by the one on A, so that the associated graded algebras are
naturally subalgebras of gr A. Then

(gr®)(grB) C gr®(B) C grZa(¥(C)) C Zgr a(gr¥(C)) € Zgr a((gr ¥)(gr C)).
Proof. Exercise. O

We are going to apply this to the maps from (3.2) and (3.14):

W) 225 Ende(VEY) &9 Hy(A). (3.16)
As we have already said, Lemma 3.1 means that the associated graded map gr ®4
is identified with the map ¢q . from (3.1). Also Lemma 3.5 and (3.15) identify
gr U, with 4. Hence, if we take A = Endc(V,2?), Theorem 2.4 establishes that
(21 ®) (g1 B) = Zge a((gr ¥) (g1 ) if (B,C, D, %) = (W(N), Ha(A)P, Dy, Ug) or
if (B,C,®,0) = (Hq(A)?,W(A), ¥4, Pg4.c). The following theorem now follows by
Lemma 3.6.

Theorem 3.7. The maps ®4. and ¥q have the double centralizer property, i.e.
Dy (W(N) =Endg, ) (VEY,
Endyy () (V2P = Wa(Ha(A)).
Moreover, at the level of associated graded algebras, gr @4 (W (N)) = ¢q.c(U(ge))
and gr Wa(Hg(A)) = va(Cilz1, ..., 24) @ CSy).
3.7. Basis theorem for higher level Schur algebras

Define the higher level Schur algebra Wy(\, ¢) to be the image of the homo-
morphism @4, : W(\) — Home(V,2%). Also let Hy()\, c) denote the image of
U, : Hy(A) — Home(V29)°P. In the most important case ¢ = 0, we denote
Wa(A, €) and Hg(, ¢) simply by Wa(A) and Hg(M). Both Wy(A, ¢) and Hy(A, )
are filtered algebras with filtrations induced by the filtration on Endc(V2?). The
last part of Theorem 3.7 shows that

gr Wdo\a C) = ¢d,c(U(ge)) = ¢d(U(ge))a
gr Hy(\, ) = va(Cilzy, ..., 2q] @ CSy).
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In particular, recalling Lemmas 2.1 and 2.2, the algebra Wy(A, ¢) is a filtered
deformation of the algebra C[M.]}, so
dimge +d—1
dim Wy(\ ¢) = ( e ;_ )
We want to construct an explicit basis for Wy(A, ¢) lifting the basis {&; 5 | (¢,7) €
J4/S4} for the associated graded algebra from (2.7).

(3.17)

Lemma 3.8. Suppose we are given scalars a; j € C such that the endomorphism
> ijera @i j€ij of V&4 commutes with the action of Hg(A). Then a;j = G j.w
for allw € Sy, a; j =0 if col(ix) > col(ji) for some k, and

Qi j = R, (3),Rp(5) T (Ceol(in) T Gool(in) = Ceol(jr)+1 — deol(jr)+1)%4, Ry (5)

Y GammG D, GGG
hk h#k
col(ip)<col(ir) col(ip)>col(ik)
col(jpn)<col(jr) col(jn)>col(jr)

for all k with Ry(3) # 0 (the first term on the right hand side is interpreted as 0
in case Ri (i) = 0).

Proof. The fact that a; j = @;.1,j.w for all w € Sg is proved as in Lemma 2.3. By
Theorem 3.7 we know that all endomorphisms commuting with H;(A) belong to
Wi(A, €). By the definition of the latter algebra, they are therefore contained in
the image of the algebra U(p) under its representation on V2%, This proves that
a;; = 0 if col(ix) > col(jy) for some k. For the final formula, a calculation as in
the proof of Lemma 2.3, using Lemma 3.3 to compute the action of xy, gives

ARy (i),5 + (Ceol(in) + eol(iy) — M) @i 5 + Z i-(hk),j — Z @i-(hk),j
1<h<k k<h<d

col(ip)<col(ix) col(ip)>col(ig)
= 4, 1, (§) T (Ceol(jx) Fdeol(jx) — 1) i.5+ Z Qij-(hk) — Z Qg (hk)>
1<h<k k<h<d
col(jn)>col(jk) col(jn)<col(jr)

the first terms on either side being interpreted as zero if Ry (z) or Ly (j) is . Now
replace j by Rk (7) and simplify. O

Theorem 3.9. For each (i,5) € J?, there exists a unique element
Ei,j = Z Qh,kCh.k S Wd()\,c)
h,kcI?
such that the coefficients ap g satisfy a;j; = 1 and ap g = 0 for all (h,k) € J¢
with (h,k) « (i,7). Moreover:

(1) The elements {Z; ; | (,5) € J?/S4} form a basis for Wa(), c).
(i) If we let r = col(j1) — col(i1) + - - - + col(ja) — col(iq), then E;; belongs to
F,Wq(A) and gr, =i 5 = & 5.
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Proof. Lemma 3.8 and Theorem 3.7 show that any element }; . raa;jei; of
Wa(A, ¢) is uniquely determined just by the values of the coefficients a; ; for (2, j) €
J4/S,. Since dim Wy (), ¢) = |J¢/S,|, this implies that for each (,5) € J¢ there
exists a unique element =; ; € Wy(A, ¢) with coefficients ap, & satisfying a; ; = 1
and ap = 0 for all (h, k) € J? with (h, k) # (i,7). Repeating this argument with
Wa(A, ¢) replaced by F, Wy(A, ¢) implies that Z; ; actually lies in F, Wy(\, ¢),
where r = col(j1) — col(iy) + - - - 4 col(jq) — col(iq). Hence the coefficients ap, , of
E;,; are zero unless col(ky) — col(h1) + - - - + col(kq) — col(hq) < r. Moreover, by
Lemma 3.8, ap . = 0 if col(h;) > col(k;) for some j, and apr = ahw kw for all
w € S4. Now the recurrence relation in Lemma 3.8 gives a recipe to compute all
remaining coefficients from the known coefficients ap, i for (h, k) € J9, proceeding
by downward induction on col(k1)+- - -+col(kq). This establishes in particular that
the coefficients of top degree r, i.e. the ap, g’s with col(k1) —col(hy)+- - -+col(kq) —
col(hg) = r, satisfy the same recurrence as the coefficients of &; ; from Lemma 2.3.
Hence gr, Z; ; = & ;. Finally, the fact that the elements {Z;; | (4,5) € J¢/Sq}
form a basis for Wy(), ¢) follows because the elements {&; ; | (¢,5) € J%/S4} form
a basis for gr Wy(\, ¢). O

Remark 3.10. Assume throughout this remark that ¢ = 0. In that case, it is
clear from the proof of Theorem 3.9 that all the coefficients of =; ; are actually
integers. Using this and Remark 2.5, we can extend some aspects of Theorem 3.7
to an arbitrary commutative ground ring R. Let Hg(A)z be the subring of H;(A)
generated by x1,...,x4 and Sy. Set Hy(A)gr = R ®z Hg(A)z. Let VZ®d be the Z-
submodule of V& spanned by {v; | i € I?} and VZ? = R2y, V2% By Lemma 3.3,
the action of Hy(A) restricts to a well-defined action of Hg(A)z on V24, hence
we also get a right action of Hy(A)g on Vé@d by extending scalars. Let Hy(\) g
denote the image of the resulting homomorphism Hy(A)p — Endg(V5?)°P. Let
Wi(N)r = Ende(A)R(ng). It is then the case that

Wd()\)R = R®g Wd(/\)z, Hd(A)R = R®g Hd(A)Z.

Moreover, the double centralizer property Endyy, ()., (Vé@d)(’p = Hy(\)g still holds
over R. These statements are proved by an argument similar to the above, but using
Remark 2.5 in place of Theorem 2.4. The first step is to observe that the elements
{2, (3,7) € J¢/S4} from Theorem 3.9 make sense over any ground ring R, and
give a basis for Wy(A\)r as a free R-module.

4. Parabolic category O

A basic theme from now on is that results about the representation theory of
H;(A) should be deduced from known results about category O for the Lie algebra
g relative to the parabolic subalgebra p. In this section we give a brief review of
the latter theory, taking our notation from [BK3, Ch. 4]. We will assume for the
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remainder of the article that the origin ¢ = (cy,. .., ¢;) € C! satisfies the condition
Ci—CjEZ = Cj = Cj. (41)

There is no loss in generality in making this assumption, because for every choice
of ai,...,a; € C it is possible to write A = Ag, + -+ Ay, as 22:1 Ag,4q,—n for
suitable A and ¢ satisfying (4.1).

4.1. Combinatorics of tableaux

By a A-tableau we mean a filling of the boxes of the diagram A by complex numbers.
We adopt the following notations.

e Tab(\) denotes the set of all A\-tableaux.

e Tab?()\) is the subset of Tab(\) consisting of the tableaux whose entries are
non-negative integers summing to d.

e v(A) = (ay,...,an) € CV is the column reading of a A-tableau A, that is,
the tuple defined so that a; is the entry in the ith box of A.

e O(A) denotes the contentof A, that is, the element Ziil ~a; Of the free abelian
group on generators {v, | a € C}.

e Aj denotes the ground-state tableau, that is, the A-tableau having all entries

in its ith row equal to 1 — i (recall we number rows 1,...,n from top to
bottom).

e A, denotes the tableau obtained from Ay by adding ¢; to all of the entries in
the ith column for each 1 =1,...,1.

e Col()\) denotes the set of all column strict A-tableaux, where a tableau is
called column strict if in every column its entries are strictly increasing from
bottom to top, working always with the partial order on C defined by a < b
if (b—a)eN.

e Col.(A) denotes the set of all A € Col(\) with the property that every entry
in the ith column of A belongs to ¢; + Z for each i =1,...,1.

e Stdc(\) denotes the set of all standard tableaux in Colc()\), where a column
strict tableau A is standard if in every row its entries are non-decreasing from
left to right; this means that if z < y are entries in the same row of A then
x appears to the left of y.

e Col?()) denotes the set of all A € Col.(\) such that the entrywise difference
A — A lies in Tab?()).

e Std?(\) denotes Stde(A) N Col?(N).

Finally, let > denote the Bruhat ordering on the set Col()), defined as in [B1, §2]
(where it is denoted >'). Roughly speaking, this is generated by the basic move of
swapping an entry in some column with a smaller entry in some column further
to the right, then reordering columns in increasing order. For example,

4(6 415 415 315
3[4]5] > (3]4]|6] > [3]2]|6]|>2]4]|6
1]11[2 1]11[2 111[4 111[4
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We note that by [B1, Lemma 1] the restriction of this ordering to the subset Std.())
coincides with the restriction of the Bruhat ordering on row standard tableaux from
[BK3, (4.1)]. The first combinatorial lemma is the reason the assumption (4.1) is
necessary.

Lemma 4.1. Suppose that A € Col%(\) and B € Colo(\) satisfy 0(A) = 0(B).
Then B € Col%()\) too.

Proof. Suppose that B ¢ Colg()\). Then, for some i and j, the entry in the ith
row and jth column of B is < ¢; +1 — 4. Hence as B is column strict, the entry
in the nth row and jth column of B is < ¢; +1 —n. As §(A) = 0(B), this implies
that some entry of A is < ¢; +1 —n too. This contradicts the assumption that
A e Cold(\). O

4.2. Parabolic category O

Now let O()\) denote the category of all finitely generated g-modules that are
locally finite-dimensional over p and semisimple over h; recall here that h is the
standard Levi subalgebra gl (C)®- - -@gl,, (C) of g. Modules in O()) are automat-
ically diagonalizable with respect to the standard Cartan subalgebra consisting of
diagonal matrices in g. We say that a vector v is of weight (a1,...,ax) € CN if
;U = a;v for each i = 1,..., N. There is the usual dominance ordering on the
set CN of weights, positive roots coming from the standard Borel subalgebra of
upper triangular matrices in g. Also let ?# denote the duality on O()\) mapping
a module to the direct sum of the duals of its weight spaces with g-action defined
via the antiautomorphism z +— z' (matrix transposition).
To a column strict tableau A € Col()\) we associate the following modules:

e N(A) is the usual parabolic Verma module in O()\) of highest weight (aq,
as +1,...,any + N — 1) where v(A) = (a1,...,ay) is the column reading
of A.
e K(A) is the unique irreducible quotient of N(A).
e P(A) is the projective cover of K(A) in O()).
e V(A) denotes the finite-dimensional irreducible h-module of highest weight
~v(A — Ap), viewed as a p-module via the natural projection p — §.
o V(Ap) is the trivial p-module C.
e V(A.) is the one-dimensional p-module C. on which e; ; acts as d; jccor(;) as
in the previous section.
We point out that
N(A) = Ul(g) @up) (C—p @ V(A)), (4.2)
where C_, is the one-dimensional p-module from the introduction; cf. [BK3,
(4.38)]. Moreover, {K(A) | A € Col(A)} is a full set of irreducible modules in
O(N).
A standard fact is that K(A) and K(B) have the same central character if
and only if #(A) = 6(B); indeed, the composition multiplicity [N(A) : K(B)] is
zero unless A > B in the Bruhat ordering. Recall also that BGG reciprocity in
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this setting asserts that P(A) has a parabolic Verma flag, and the multiplicity of
N(B) in any parabolic Verma flag of P(A) is given by

(P(A) : N(B)) = dim Homg(P(A), N(B)#) = [N(B) : K(A)]. (4.3)
One consequence of this is that
Exto ) (N(A), N(B)) =0 (4.4)

for all A, B € Col(\) with A £ B.

From now on, we restrict our attention to the Serre subcategory O(A) of
O(A) generated by the irreducible modules {K(A) | A € Colc(A)}. This is a sum
of certain blocks of O(A), and conversely every block of O(A) is a block of O(X)
for some ¢ chosen as in (4.1). For d > 0, let O%(\) denote the Serre subcategory
of Og()\) generated by the irreducible modules {K(A) | A € Cold(\)}. If we let
¢ — rl denote the tuple (¢; — 7,...,¢ — r) for each r € N, it is obvious that
Cold(\) C Cold™™™(\) and Cole(\) = Cole_,1()). Hence,

O\ COZTY(N),  Oc(N) = Ocra(N). (4.5)
This is useful because, by Lemma 4.1, O%()\) is a sum of blocks of O.(\), and
conversely every block of O () is a block of OZ_; (\) for some r,d > 0. In this way,
questions about O(\) can usually be reduced to questions about the subcategories
O%()\). In particular, since Col®(\) = {A.}, we see that K(A.) is the unique (up
to isomorphism) irreducible module in its block, hence P(4.) = N(4.) = K(A.).
This module plays a special role; we denote it simply by Pk,.

Lemma 4.2. Let A € Col(\). Then K(A) is a composition factor of P, @ V4 if
and only if A € Col?(\).

Proof. Recall that C. ® V®? = V¥4 By the classical Schur-Weyl duality, V.24
decomposes as an h-module as a direct sum of copies of the modules V(A) for
A € Cold()), and each such V(A) appears at least once. Hence, V% has a filtration
as a p-module with sections of the form V(A) for A € Col?()), and each such V (A)
appears at least once. By the tensor identity,

P.@ V& = U(g) @y (C—, ® VEY.

Recalling (4.2), these two statements imply that P, ® V®? has a parabolic Verma
flag with sections of the form N(A) for A € Col%()\), and each such N(A) appears
at least once. This shows that every K(A) for A € Col?()) is a composition factor
of P. ® V¥4, Conversely, if K(A) is a composition factor of P, ® V®? for some
A € Col()), it is also a composition factor of N(B) for some A < B € Cold(\).
Hence by Lemma 4.1 we see that A € Col%(\) too. O
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4.3. Special projective functors

We also need the special projective functors f; and e; on O(X). We refer the reader
to [BK3, §4.4] for a more detailed discussion of the signficance of these functors;
see also [BK1] and [CR, §7.4]. For a module M, by definition, f; M resp. e;M is
the generalized i-eigenspace resp. generalized — (N + i)-eigenspace of ) acting on
MRV resp. M®V™*, where V* is the dual of the natural g-module V. In particular,

MoV = fiM, MaV=PeM.
ieC ieC
An important point is that the functors f; and e; are both left and right adjoint
to each other, so they send projective modules in O(\) to projective modules. The
following lemma, which is a well known consequence of the tensor identity, shows
that f; and e; map objects in O.(X) to objects in O.()), and f; maps objects in
O%(\) to objects in O4+1()\).

Lemma 4.3. For A € Col.(\) and i € C, we have:

(i) fiN(A) has a multiplicity-free parabolic Verma flag with sections of the form
N(B), one for each B € Col.(\) obtained from A by replacing an entry equal
to i with ¢+ 1;

(ii) e;N(A) has a multiplicity-free parabolic Verma flag with sections of the form
N(B), one for each B € Colc(\) obtained from A by replacing an entry equal
to i+ 1 with i.

Corollary 4.4. For any A € Col.()), there exist i1,...,i, € C and an irreducible
parabolic Verma module N(B) for some B € Std.()\) such that N(A) is isomorphic
to a submodule of e;, ---e; N(B).

(s

Proof. Let B be the tableau obtained from A by adding k; to all entries in the
jth column of A for each j = 2,...,l, where ka,...,k; > 0 are chosen so that the
entries in column j of B are £ the entries in columns 1,...,j — 1 for each j. It is
then automatic that B € Std.(\), and N(B) is irreducible since B is minimal in
the Bruhat ordering. Say the entries in the jth column of A are a;; < --- < ajq;-
Apply the functors

(eaj,q]. eaj,qj-‘rl to eaj.qj +kj—1) to (eajygeaj,g-i-l o eaj,2+kj—1)
(eaj,leaj,l"l‘l T eaj,1+kj_1)

for j = 2, then j = 3, ..., then j = [ to the parabolic Verma module N(B).
Now use Lemma 4.3, recalling by (4.4) that parabolic Verma flags can be arranged
in any order refining the Bruhat order (largest at the bottom), to show that the
result involves N(A) as a submodule. O

The effect of the projective functors f; and e; on irreducible modules is re-
flected by a crystal structure (Col(\), é;, fi, €, pi,0) on the set Col(\) in the gen-
eral sense of Kashiwara [Ka]. This particular crystal is defined combinatorially
in [BK3, §4.3]; there we only described the situation for i € Z but it extends
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in obvious fashion to arbitrary ¢ € C. In particular, [BK3, Theorem 4.5] asserts
for A € Col(A) that f;K(A) is non-zero if and only if ¢;(A) # 0, in which case
f:K (A) has irreducible socle and cosocle isomorphic to K (f;A). There is a similar
statement about e;. The following lemma follows from the explicit combinatorial
definition of this crystal structure.

Lemma 4.5. The subset Stdc(A) of Cole(A) is the connected component of the
crystal (Col(N), é;, fi,€i, pi, 0) generated by the ground-state tableau A.. Moreover,
ford >0, every A € Std(\) is equal to f;B for some B € Std%(\) and i € C.

Corollary 4.6. If A € Std%()\) then K(A) is a quotient of P, ® V&,

Proof. Proceed by induction on d, the case d = 0 being obvious. For d > 0,
Lemma 4.5 shows that A = f; B for some B € Std2~!()\). By induction, K (B) is
a quotient of P, ® V(=1 So f;K(B) is a quotient of f;(P. ® V®(@=1) swhich
is itself a summand of P. ® V®?. Since K(A) is a quotient of f;K(B) by [BK3,
Theorem 4.5], this completes the proof. O

Let [Oc())] denote the Grothendieck group of the category O(A). It has (at
least) two natural bases {[N(A)] | A € Colc(\)} and {[K(A)] | A € Cole(N\)}
corresponding to the parabolic Verma modules and the irreducible modules. The
exact functors f; and e; induce operators on [O.(A)] too. The combinatorics of
all these things is well understood by the Kazhdan—Lusztig conjecture proved in
[BB, BrK]; see [BK3, Theorem 4.5] for the application to this specific situation.
With that in mind, the next lemma is a consequence of [B1, Theorem 26]. For a
representation-theoretic explanation, we note that {K(A4) | A € Std.(\)} are ex-
actly the irreducible modules in O.(\) with maximal Gelfand—Kirillov dimension;
see Irving’s proof of Theorem 4.8 below.

Lemma 4.7. The subgroup of the Grothendieck group [O.(\)] generated by the
classes {[K(A)] | A € Colc(A) \ Stde(N)} is stable under the actions of f; and e;.

4.4. Self-dual projective modules

Next, we record an important result originating in work of Irving [I]. Since our
combinatorial setup is unconventional, we include the proof, though this is essen-
tially a translation of Irving and Shelton’s proof from [I, §A.3] into our language.
We learned this argument from [MS, Theorem 5.1] which treats the case of a
regular block. In the statement of the theorem, we have stuck to Irving’s origi-
nal terminology of self-dual projective indecomposable modules; note though that
these modules are also the indecomposable prinjective modules (as in [KSX] or
[MS]) and the indecomposable projective tilting modules (as in [S2]).

Theorem 4.8. For A € Col.(\), the following are equivalent:
(i) A e Stde(N);
(ii) P(A) is self-dual, i.e. P(A)# = P(A);
(iil) K(A) is isomorphic to a submodule of N(B) for some B € Col.(A).
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Proof. (i)=(ii). Replacing ¢ by ¢ —r1 = (¢ — 7,...,¢ — r) for some r > 0 if
necessary, we may assume that A € Col?()) for some d > 0. Note that P, ® V®? is
a self-dual projective module. By Corollary 4.6, P(A) is a summand of P, ® V&4
Hence P(A) is itself self-dual; see [I, Lemma 4.2].

(if)=(iii). If P(A) is self-dual, then K(A) is a submodule of it. But P(A) has
a parabolic Verma flag, hence K(A) is also a submodule of some N(B).

(iii)=-(i). If K(A) is a submodule of some parabolic Verma module, then by
Corollary 4.4 it is also a submodule of ¢;, - --e; K(B) for some B € Std(\) and
i1,...,1 € C. Hence by adjointness, the irreducible module K (B) appears in the
cosocle of f; --- f;, K(A). This implies that A € Std.(\) by Lemma 4.7. O

Corollary 4.9. If K(A) is a quotient of P, ® V&4 then A € Std%(\).

Proof. By Lemma 4.2, we may assume that A € Cols(\) and need to prove that
A € Std.()). Since K(A) is a quotient of P, ® V®? P(A) is a summand of it.
Since P, ® V® is a self-dual projective module, this implies that P(A) is too.
Hence A € Std.(\) by Theorem 4.8. O

4.5. Divided power modules

Finally, we introduce certain divided power modules in O¢(\). For 1 < j < I, let
V; denote the p-submodule of V' spanned by {v; | col(i) < j}. Given a tableau
A € Tab%(\) with y(A) = (a1, ...,an), set

ZAWV) = Z (Veoi(1)) @ -+ @ ZN (Vo () (4.6)

where we write Z4(E) for the dth divided power of a vector space E, i.e. the
subspace of E®? consisting of all symmetric tensors. Clearly this is a p-submodule
of the tensor space V®?. Let Z2 (V') denote the p-submodule of V24 obtained from
ZA(V) by twisting the action by the automorphism 7. By the tensor identity, the
induced g-module

Z(A,¢) = U(g) ®up) (C—p ® ZZ(V)) (4.7)

is a submodule of P, ® V®, so it belongs to the category O%()\). As usual, in the
most interesting case ¢ = 0, we denote this simply by Z(A).

To formulate the next lemma, we need certain generalized Kostka numbers.
Take A € Tab?()\) and B € Col?()). Define an I-tuple of partitions (u™®), ..., u®)
so that the parts of (/) are the entries in the jth column of B — A.. Letting
v(A) = (ai,...,ay), define Kp 4 to be the number of tuples (7™M, ..., T®) such
that

(a) for each j = 1,...,1, TY) is a standard p()-tableau with (not necessarily
distinct) entries chosen from the set {i € I | col(i) > j};

(b) for each i € I, the total number of entries equal to i in all of T, ... T is
equal to a;.
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Lemma 4.10. For any A € Tabd()\), there is an isomorphism of h-modules

zZ2v)y=  v(B)Erea
BeCold())

Hence, Z(A,¢) has a parabolic Verma flag in which the parabolic Verma module
N(B) appears with multiplicity Kp_a for each B € Col®(\), arranged in any order
refining the Bruhat ordering on Col%(\) (most dominant at the bottom).

Proof. The first statement is a consequence of the Littlewood—Richardson rule.
Hence, as a p-module, Z2 (V) has a filtration with sections of the form V(B) for
B e Colg()\), each V(B) appearing with multiplicity Kp 4. Now apply the exact
functor U(g) ®y(p) (C_,®7) and use the definition (4.2) and (4.4). O

The goal in the remainder of the section is to prove by induction on level that
Z(A,¢) is a projective module in OZ()\). Let us set up some convenient notation
for the proof. Suppose N = N’ + N" let ¢’ = gl (C), g’ = gl (C), and identify
g @g"’ with a standard Levi subalgebra of g in the usual way. Given a g’-module M’
and a g’-module M", we will write M' X M" for the g’ @ g’’-module obtained from
their (outer) tensor product. Let q be the standard (upper triangular) parabolic
subalgebra of g with Levi subalgebra g’ @ g” and nilradical t. Let 8 be the weight

B=(0,...,0,N’,...,N")
—_—— ———
N’ times N’ times

and Cg be the corresponding one-dimensional g’ @ g”’-module. Define a functor
R:g ®g"-mod — g-mod, M — U(g) ®u(q) (Cs @ M),

where Cg ® M is viewed as a g-module via the natural projection q — g’ & g”.
Thus, R is the usual Harish-Chandra induction functor, but shifted by 3 as that
makes subsequent notation tidier. Note the exact functor R has a right adjoint

T:g-mod — ¢ ®g’-mod, M~ C_z® M,

arising by taking v-invariants.

Now assume in addition that I =1’ +1” and that X’ resp. \” is the partition
of N’ resp. N whose Young diagram consists of the I’ leftmost resp. " rightmost
columns of the Young diagram of A. Let ¢/ = (¢1,...,¢r) and ¢’ = (¢p41,...,q).
Given any A € Colc(A\) we let A’ resp. A” denote the element of Cole (N') resp.
Colerr (N) consisting of the I’ leftmost resp. I rightmost columns of the tableau A.
For any d > 0, this defines a bijection

Coli(A) — | Coldi(N) x Colds(V'), A (A, A").
d'+d"=d

Consider parabolic category O for g’@®g” relative to the standard parabolic subalge-
bra having Levi subalgebra b. Let Og,' (NM)YROL (N) denote the Serre subcategory

!’

generated by the modules {K (A") K K (A") | A’ € Col%,(X), A” € Col%, (\')}. By

c//
Lemma 4.1, this is a sum of blocks of the full parabolic category O. Moreover, the
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parabolic Verma modules in O% (X) K O%, (\") are the modules N(A’) & N(A"),

c!’

and the projective cover of K(A’) &K(A”) in O% (N YROL, (\") is P(A")KP(A"),

for each A’ € CO]Z()\ ), A" € Colcu()\” ). The following well known lemma implies
in particular that the functors R and T restrict to give well-defined functors

R
@ o, oL, (N Z 0X(\). (4.8)
d// d T
Lemma 4.11. Let A,B € Coll()\) be tableauz such that A',B' € Colg; (N) and
A", B" e Colcu()\”) for some d’' +d" = d. Then
(i) R(N (A')@N(A”)) = N(A);
(i) T(N(A)*) = N(A")# KN (A")*;
(iii) T(K(A)) = K(A") W K(A");
(iv) [N(A): K(B)] = [N(A") : K(B')|[N(A") : K(B")].
Corollary 4.12. Let A € Col()\) be such that A’ € Colgi()\’) and A" € Colc,,()\”)
for some d' + d" = d.
(i) If A is minimal in the sense that every A > B € Coll(\) also has B' €
Col, (N) and B" € Col%, (N then R(K(A) K K(A")) = K(A).
(i) If A is mazimal in the sense that every A < B € Col%(\) also has B’ €
Cold, (X) and B" € Cold,(\") then R(P(A') K P(A")) = P(A).

Proof. (i) By Lemma 4.11(iv) and the minimality assumption on A, we find for
every B < A that [N(4) : K(B)] = [N(4") : K(B')][N(A") : K(B")]. Hence in
the Grothendieck group, we can write

IN()BN(AY] = Y [N(4) : K(B)|[K(B) & K(B")]
B<A

The functor R is exact, so by Lemma 4.11(i) we get
[N(A)] = D [N(4) : K(B)[R(K(B) R K(B")] = Y [N(A) : K(B)][K(B)].

B<A B<A

Since R(K(B') K K(B")) certainly contains at least one composition factor iso-
morphic to K(B), the last equality here implies that for all B < A we must have
R(K(B')X K(B")) 2 K(B).

(ii) By adjointness of R and T" and Lemma 4.11(iii), R(P(A") K P(A”)) has
irreducible cosocle isomorphic to K(A). Hence there is a surjective homomorphism
P(A) - R(P(A") K P(A")). To prove that this is an isomorphism, observe by
Lemma 4.11(i) that R(P(A’) ® P(A”)) has a parabolic Verma flag, so it suffices
to check that

(P(A): N(B)) = (R(P(A") W P(A")) : N(B))

for all B € Col?()). By (4.3), the left hand side is equal to [N (B) : K (A)], which is
zero unless A < B. Hence by the maximality assumption, the left hand side is zero
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unless B’ € ColZ:()\’) and B” € Col%, (), in which case by Lemma 4.11(iv) it is

c!’

equal to [N(B') : K(A"][N(B") : K(A"”)]. On the other hand, by Lemma 4.11(ii),
(R(P(A' )R P(A")) : N(B)) = dimHomgy(R(P(A") K P(A")), N(B)#)
= dim Homg g/ (P(A") ® P(A”), N(B")#* R N(B")#)
— [N(B') : K(A)]N(B) : K(A")]
This completes the proof. O

Corollary 4.13. Assume that no entry of ¢’ = (c1,...,cp) lies in the same coset of
C modulo Z as an entry of ¢ = (cyy1,-..,¢). Then the category O%(\) decom-
poses as
;= D oI,
d'+d"=d
where OF4"(X) denotes the Serre subcategory of OX(\) generated by the irreducible
modules {K(A) | A € Cold(\) with A" € Colg;()\’), A’ e Cold//()\")}. Moreover,

c!’

the functors R and T from (4.8) are mutually inverse equivalences of categories.

Proof. Fix d'+d" = d. Given A € Col?()\) with A’ € Col%, (X') and A” € Col?, (\),
the assumption on ¢ ensures that any other B € Col?()\) with 8(A) = 8(B) also
has B’ € CO]Z:()\,) and B” € Cold//()\”). Hence, O%4"(\) is a sum of blocks of

c!’!

O%()\), proving the first statement. Moreover, by Lemma 4.11, the functors R and
T restrict to well-defined functors

c’

R
0% (\YR 0% (X" ? 044" (\).

To prove the second statement, it suffices to show that these restricted functors
are mutually inverse equivalences of categories.

First, we claim that the functor T is exact. Since it is automatically left
exact, we just need to check that given any epimorphism M — @ in Og/’d”()\),
every t-invariant in @ lifts to an v-invariant in M. The proof of this easily reduces
to the case where @ is irreducible. In that case, by Lemma 4.11(iii), it is enough
to show that the highest weight vector v € @ lifts to an v-invariant in M. To see
that, let © € M be any weight vector that is a pre-image of v, then observe by
weight considerations that v is automatically an t-invariant.

Now we can show that the unit and counit of any adjunction between R and
T are both isomorphisms, to complete the proof. Since both functors are exact, it
suffices to check that the unit and counit give isomorphisms on every irreducible
module, which follows easily from Lemma 4.11(iii) and Corollary 4.12(i). O

Now we can prove the desired projectivity of the modules Z (A4, ¢) from (4.7).
Theorem 4.14. Let A € Tab®(\) and define B to be the unique tableau in Col%(\)
such that B — A. and A have the same entries in each column. Then

Z(A,e)= P npcP(C)
CeCold(N)
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for ngc € N with ng g =1 and ng,c = 0 unless y(C) > ~v(B) in the domi-
nance ordering. In particular, @AeTabd(A) Z(A, ) is a projective generator for the
category OL(N).

Proof. By Lemma 4.10, Z(A, ¢) has a parabolic Verma flag involving N(B) with
multiplicity one and various other N(C)’s for C' € Col%(\) with v(C) > ~(B). This
reduces the proof of the theorem simply to showing that Z(A,c) is a projective
module in O%()). For that, we proceed by induction on the level [, the case [ = 1
being immediate.

For the induction step, take any A € Tab®(\). Let I’ = 1 — 1, I = 1 and
define M, X\, g’ and g¢” as above. Let ¢/ = (c1, ..., ¢—1) and write C,44,—,, for the
one-dimensional g”’-module on which each diagonal matrix unit acts as the scalar
¢ + q — n. Let A’ be the tableau obtained from A by removing the rightmost
column. By the tensor identity, we have

Z(A,e) 2 R(Z(A, )R Cpiigon) @ ZWN-at (V)@ - @ ZV (V).
By induction, Z(A’,¢') is a direct sum of modules of the form P(B’) for vari-
ous B’ € Colg:()\’) and 0 < d < d. Therefore, since tensoring with the finite-
dimensional g-module Z¥-u+1(V)®- - -® Z*N (V') sends projectives to projectives,
it suffices to show that R(P(B') K Cq, 44 n) is a projective module in O (\) for
each B’ € Coli: () and d’ > 0. This follows by Corollary 4.12(ii) applied to the

(maximal) A-tableau obtained from B’ by adding one more column with entries
a+q—mn,...,cg+1—n from top to bottom. [l

5. Whittaker functor

Now we return to the representations of the finite-dimensional quotients Wy(\, ¢)
of W(A) from Section 3, still assuming that c satisfies (4.1). We are going to study
the Whittaker functor from [BK3, §8.5], which will be viewed here as a functor
from the parabolic category O(A) to modules over the finite W-algebra W (A).
The definition of Whittaker functor in a more general setting originates in work
of Kostant [Ko| and Lynch [Ly].

5.1. Polynomial and rational representations of W ()

For d > 0, let R4(\) denote the category of all finite-dimensional left Wy (), ¢)-
modules, viewed as a full subcategory of the category of all left W (A)-modules.
For r € Z, let det” denote the rth power of the one-dimensional determinant
representation of g. Recalling the functor ? ® X from §3, let R.(\) denote the
category of all W(A)-modules M with the property that

M®det" =M & ---® M,

for some r, k,dy,...,d; > 0 and finite-dimensional Wy, (\, ¢)-modules M;. Clearly,
Re(N) is an abelian category closed under taking submodules, quotients and finite
direct sums. In particular, taking ¢ = 0, we call the categories R3()\) and Ro()) the
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categories of polynomial representations of degree d and rational representations
of W(), respectively.

Lemma 5.1. A W()\)-module belongs to the category RI(N\) if and only if it is
isomorphic to a subquotient of a direct sum of finitely many copies of V2. Hence,
(i) the functor ? ® V maps objects in RL(N) to objects in RITL(N);
(ii) the functor 7@ E maps objects in R.(\) to objects in Re(X), for any g-module
arising from a finite-dimensional rational representation E of G.

Proof. The first statement is a consequence of the fact that V¢ is a faithful
W4(X, ¢)-module. To deduce (i), recall that V2@V = yRurn, Finally, (ii) follows
from (i) and associativity, because every irreducible rational representation of G
is a summand of a tensor product of some copies of V and det ™. (]

Corollary 5.2. Forr € N, RE(\) € RETV(N) and Re(N) = Re_r1(N).

c—rl

Proof. Observe that V4 = V®¢ @ det”. The latter is isomorphic to a submodule
of VE(;? ™) since det” is isomorphic to a submodule of V&V, O

Next we wish to classify the irreducible modules in the categories R%()\) and
Re(A). By [BK3, Theorem 7.9], there is a finite-dimensional irreducible W(\)-
module denoted L(A) for each A € Stdc(A). If we let a;1,...,a;,, denote the
entries on the ith row of A, the irreducible module L(A) is characterized uniquely
up to isomorphism by the property that there is a vector 0 # v4 € L(A) such that

(a) TZ-(;)UJr:Oforall1§i<j§nandr>pj—pi;
(b) Ti(;)v+ =er(a;1+i—1,...,a;p +i—1) forall 1 <i<mnandr >0, where
er(x1,...,2m,) denotes the rth elementary symmetric function in 21, ..., zpy,.

Such a vector vy is called a highest weight vector of type A, and a module generated
by a highest weight vector is a highest weight module. By [BK3, Lemma 6.13], two
irreducible modules L(A) and L(B) for A, B € Std.()\) have the same central
character if and only if 0(A) = 6(B).

Recall also the finite-dimensional U (p)-modules V' (A) for each column strict
A € Cole(N) defined in the paragraph preceding (4.2). Often we view V(A) as
a W(A)-module by restriction. The W(A)-modules {V(A4) | A € Colc(\)} are
called standard modules; see [BK3, (7.1)]. We warn the reader that the terminology
of “standard modules” being used here has nothing to do with the notion of a
standard module in a highest weight category. If A is a standard tableau rather
than merely being column strict, then [BK3, Theorem 7.13] shows that V(A) is
a highest weight module generated by a highest weight vector of type A; hence it
has a unique irreducible quotient, which is isomorphic to L(A). By [BK3, Lemma
6.9], for any A € Cole(A), every element z € Z(W (X)) acts on the standard
module V(A) as a scalar, i.e. standard modules have central characters. Again,
two standard modules V(A) and V(B) for A, B € Col.(A) have the same central
character if and only if (A) = (B).
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Lemma 5.3. For any A € Coll()\), V(A) belongs to the category RE(N). The mod-
ules {L(A) | A € Std%(\)} form a complete set of irreducible modules in RE(N).

Proof. As noted in the proof of Lemma 4.2, V2% has a filtration as a p-module,
hence also as a W (\)-module, with sections of the form V(A) for A € Cold()),
and each such V(A) appears at least once. Hence by Lemma 5.1, each standard
module V(A) for A € Col®(\) and each irreducible module L(A) for A € Std%(\)
belongs to RE(A). Conversely, we have already observed that every composition
factor of N(A) for A € Col?()) is of the form K(B) for B € Col(\). By [BK3,
Lemma 8.20] and [BK3, Corollary 8.24], it follows that every composition factor
of V(A) for A € Cold()\) is of the form L(B) for B € Std%()). Since V2 has a
filtration with sections of the form V(A) for A € Col(\), we deduce that all its
composition factors are indeed of the form L(B) for B € Std%(\). So these are all
of the irreducible objects in R%(\). O

Corollary 5.4. For any A € Col.(\), V(A) belongs to the category Re(N). The
modules {L(A) | A € Stde(N)} form a complete set of irreducible modules in
Re(A).

Proof. Tf A € Cole(\), then A € Col?__;(\) for some 7, d > 0. Hence V (A) belongs
to the category Re(A) = Re—r1(A) by Lemma 5.3 and Corollary 5.2. It remains
to show that every irreducible module L € R.(A) is isomorphic to L(A) for some
A € Stde()). By Lemma 5.3 and the definition of the category, L & det” = L(A)
for some r,d > 0 and A € Std?()\). Now observe that L = L(A) ® det™" = L(B)
where B is obtained from A by subtracting r from all of its entries. (|

5.2. Axiomatic approach to the Whittaker functor

Assume from now on that we are given an exact functor V: O(\) — W(\)-mod

and an isomorphism of functors v: Vo (?®@V) — (?® V) o V such that

(V1) for each A € Col.(A\) we have V(K(A)) = L(A) if A is standard and
V(K (A)) = 0 otherwise;

(V2) the following diagrams commute for all M € O.(\):

VIMeV) 2 V(M)®V

wzml

VIMeV) 2 V(M)®V

TV(M)

VIMeVeV) 225 yMeV)eV M2, (v e V)eV

V(SM)l lSV(M)

VIMeVeV) 225 yMeV)eV 22, (v eV)eV
Here x and s are the endomorphisms of ?7 ® V and ? ® V ® V defined in (3.10)—
(3.11), and their analogues for ?7®V and (?® V) ® V. The existence of such a pair
(V,v) is established in [BK3, §8.5]: for V one can take the Whittaker functor from



32 J. Brundan and A. Kleshchev Sel. math., New ser.

[BK3, Lemma 8.20], and for v the isomorphism from [BK3, Lemma 8.18]. For these
choices, property (V1) is [BK3, Theorem 8.21], and property (V2) is checked in the
proof of [BK3, Lemma 8.19]. In fact, as we will explain precisely in Theorem 5.17
below, the above properties determine (V, ) uniquely up to isomorphism.
Property (V1) implies in particular that V(P,) is isomorphic to the W (\)-
module C.. We fix such an isomorphism i : V(P,) = C.. Recursively define
an isomorphism ig : V(P, ® V®4) 5 C. ® V® for each d > 1 by setting ig =
(ig—1 ®idy ) ovp gyew-1). Composing with the isomorphism fg from (3.7), we get
an isomorphism
ji : V(Pe@V®) S VEL Gy = pgoig, (5.1)
of W(A)-modules. Recall that V.24 is a (W()), Hy)-bimodule; the right action of
H, was defined via (3.13) and (3.7). Using (3.12), we also make P. ® V%% into
a (U(g), Hq)-bimodule. By functoriality, we get an induced (W (X), Hy)-bimodule

structure on V(P. ® V%) too. The following lemma is a consequence of (V2) and
the definitions.

Lemma 5.5. j; : V(P.®@V®?) — V&4 s an isomorphism of (W (\), Hy)-bimodules.
5.3. Proof of Theorems A and B

To prove Theorems A and B from the introduction, there is just one more impor-
tant ingredient, provided by the next lemma. We postpone its proof until Theo-
rem 6.2 in the next section, preferring first to describe the consequences.

Lemma 5.6. C. is a projective module in Re(N).
We let Q(A) = V(P(A)) for each A € Stde()).

Lemma 5.7. The category Re(A) has enough projectives. More precisely, for A €
Stde(N), Q(A) is the projective cover of L(A) in the category Re(X). Moreover,
if A€ Stdi(\) for some d > 0, then Q(A) belongs to R4(N), so it is also the
projective cover of L(A) in the category RE(N).

Proof. We show by induction on d that Q(A) belongs to R%(\) and that it is the
projective cover of L(A) in R¢()), for every A € Std?()). In view of Corollary 5.2
and the observation that every A € Std.()\) lies in Std?_,, () for some 7, d > 0,
this is good enough to prove the lemma. For the base case d = 0, we have Q(A) =
C. so we are done by Lemma 5.6.

Now suppose that d > 0 and we are given A € Stdi()\). By Lemma 4.5 we can
write A as f;B for some i € C and B € Stdifl(/\). By the induction hypothesis,
Q(B) belongs to R&~1()\) and is the projective cover of L(B) in R.(\). By [BK3,
Theorem 4.5], K(A) is a quotient of K(B) ® V so, since P(B) ® V is projective,
P(A) is a summand of P(B)® V. Applying V, we see that Q(A) is a summand of
V(P(B)®V) = Q(B)®V. By Lemma 5.1(i), this shows to start with that Q(A)
belongs to RZ(A). Recalling that V* is the dual g-module to V, there is a canonical
adjunction between the functors ?® V and ? ® V*; see [BK3, (8.11)—(8.12)]. Since
?® V™ is exact and maps objects in R.(A) to objects in R(\) by Lemma 5.1(ii),
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we deduce that ? ® V' maps projective objects in R¢(\) to projective objects in
Re(N). Hence, Q(A) is a projective object in R ().

It just remains to show that dim Homyy(y)(Q(A), L(D)) = da,p for all D €
Stde(N). Since P(B) ® V is a self-dual projective module, Theorem 4.8 implies
that P(B) ® V = @cegia,n) P(C)™e for some integers me > 0 with ma # 0.
Applying V, we find that Q(B) ® V = B cesia. ) Q(C)®™¢ too. We now proceed
to show that dim Homyy(y)(Q(C), L(D)) = d¢,p for each C, D € Std.()\) with
me # 0. By (V1) and exactness, we have dimHomy () (Q(C),L(D)) > d¢,p-
Hence, dim Homyy(5)(Q(B) ® V, L(D)) > mp, and moreover equality holds if and
only if dim Homyy () (Q(C), L(D)) = éc,p whenever mc # 0. Now we calculate
using the induction hypothesis:

dim Homyy (1) (Q(B) ® V, L(D)) = dim Homyy (»)(Q(B), L(D) ®
=[L(D)® V" : L(B)] = [K(D )®V*' K(B)]
= dim Homy4(P(B),K(D) @ V* )
= dim Homy(P(B) ® V, K(D)) =
This completes the proof. O

Corollary 5.8. The category Rd( ) is a sum of blocks of Re(\). Conversely, every
block of Re()\) is a block of RE_,1(\) for some r,d > 0.

Proof. Recalling Lemma 4.1, the first statement follows from Lemma 5.7, the clas-
sification of irreducible modules and central character considerations. The second
statement follows using Corollary 5.2 too, because every A € Std.(\) belongs to
Std?__,(\) for some 7,d > 0. O

c—rl

Corollary 5.9. The functorV maps objects in Oc(\) to objects in Re(A\) and objects
in OY(N) to objects in RL(N), i.e. to Wa(A, ¢)-modules.

Proof. We prove the first statement, the second being similar. It is enough to show
that V(P(A)) belongs to Re(A) for each A € Col.(X). We already checked this for
A € Stde()) in Lemma 5.7. In general, let T be the injective hull of P(A) in O.(A).
Since P(A) has a parabolic Verma flag, Theorem 4.8 implies that I is a direct sum
of P(B)’s for B € Std.(\). Hence V(I) belongs to R.()). By exactness of V this
implies that V(P(A)) does too. O

Recall from Theorem 3.7 that the algebra Hy(\, ¢), i.e. the image of the map
(3.14), coincides with the endomorphism algebra Endyy () (VE?)P. For ¢ = 0, the
following theorem completes the proof of Theorem A from the introduction.

Theorem 5.10. For each d > 0, V. is a projective generator for RE(N\). Hence,
the functor

HomW(,\)(Vc®d, ?) : Wy(A, €)-mod — Hy(A, ¢)-mod

is an equivalence of categories.



34 J. Brundan and A. Kleshchev Sel. math., New ser.

Proof. By Corollaries 4.6, 4.9 and Theorem 4.8, P, ® V®? is isomorphic to a
direct sum of the modules P(A) for A € Std%()\), with each of them appearing
at least once. Since V(P, ® V®4) = V&4 it follows easily from Lemma 5.7 and
the classification of irreducible modules that V. ®¢ is a projective generator. The
second statement is a well known consequence. O

For Theorem B, we just need to combine Theorem 3.7 instead with the bi-
module isomorphism j4 from (5.1), recalling Lemma 5.5.

Lemma 5.11. There is an isomorphism
v : Homg(Pe ® VE,?) 5 Homyy (5 (V24 ?) o V
of functors from O%(\) to Hy-mod.
Proof. For M € O%()\), define
yar - Homg (Pe ® VY, M) — Homyy () (V24, V(M)

to be the map f + V(f)oj; . This is an Hz-module homomorphism by Lemma 5.5,
so defines a natural transformation v between the functors Homg (P, ® V& ?) and
Homyy () (V2%,7) o V. These are both exact functors from O%()) to Hg-mod, so
to see that v is actually an isomorphism, it suffices to check that it gives an
isomorphism on each irreducible module in O4()), i.e. we need to show that VK (B)
is an isomorphism for each B € Col%()). This follows from Lemma 5.5 if we can
show that the map

Homg (Pe ® V4, K(B)) — Homy ) (V(Pe ® VE), V(K(B))),  f = V(f),

is an isomorphism for each B € Colg()\). By Corollary 4.9, the indecomposable
summands of P, ® V& are of the form P(A) for A € Std%(\). Therefore it is
enough to show that the map

Homg (P(A), K(B)) — Homy (5 (V(P(A)), V(K(B))), f—V(f),

is an isomorphism for each A € Std%(\) and B € Col%(\). The left hand side is
zero unless A = B, when it is one-dimensional. The same is true for the right hand
side, by applying (V1) and the fact from Lemma 5.7 that V(P(A)) is the projective
cover of L(A). So if A # B both sides are non-zero and the conclusion is clear.
Finally, if A = B, let f : P(A) - K(A) be any non-zero (hence surjective) map.
Then V(f) : V(P(A)) — V(K (A)) is non-zero too as V is exact and V(K (A)) =
L(A) # 0. As both sides are one-dimensional this is all we need to complete the
proof in this case too. O

Corollary 5.12. The action of Hg on P.@V®? factors through the quotient Hy(A),
making P, ® V¢ into a right Hy(A)-module. Moreover, if we let

pa : Ha(A) — End¢ (P, @ V®4)oP (5.2)
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be the resulting homomorphism, the following diagram commutes:

Hg(A)

P/ Yd
Endg (Pc X V®d) k;) Endw()\) (Vc®d)

d

where the bottom algebra isomorphism kg is the map [ — jqo V(f) Ojd_l.

Proof. This follows by applying Lemma 5.11 to M = P, ® V®¢ and noting that
for each x € Hy, the endomorphism of P, ® V®? defined by right multiplication
by x is equal to zid;. O

Using the commutative diagram from Corollary 5.12, we can identify the al-
gebra Hg(\, ¢) = U4(Hg(A)) = Endy(5)(VP4)°P instead with the image of the
homomorphism pg : Hy(A) — Endc(P, ® V®9)°P. The following theorem, which
in the special case ¢ = 0 proves Theorem B from the introduction, follows imme-
diately.

Theorem 5.13. Endy(P. ® V)P = Hy(\, c).

5.4. Unicity of Whittaker functors

We wish to formulate some further results characterizing the functor V and the
category Re(A). The following theorem shows that V is a quotient functor in the
general sense of [Gab, §IIL.1].

Theorem 5.14. The functor V : Oc(A) — Re(N) satisfies the following universal
property: given any abelian category C and any exact functor F : Oc(X) — C such
that F(K(A)) = 0 for all A € Cole(N\) \ Stde(N), there exists an exact functor
G :Re(N) — C such that F= GoV.

Proof. In view of Corollary 5.8 and the corresponding statement for O.()\) ex-
plained after (4.5), it suffices to prove that the restriction V : O4(\) — R4(N)
has the analogous universal property with Colg()) \ Stde(A) replaced by Col(X)\
Std?()). Since P, ® V& is projective, Corollaries 4.6 and 4.9 together with some
well known general theory imply that the functor Homgy (P, ® V% ?) possesses
exactly this universal property. Hence so does the restriction of V, thanks to
Lemma 5.11 and Theorem 5.10. O

Corollary 5.15. There is an equivalence of categories between R.(\) and the quo-
tient category Oc(N)/ T, where J is the Serre subcategory of O(\) generated by
the irreducible modules {K(A) | A € Colc(A) \ Stde(A)}.

Next we turn our attention to the unicity of the functor V. There is an
obvious embedding tq : Hq(A) < Hgy1(A) under which the elements z; and s;
of Hy(A) map to the elements of Hyy1(A) with the same name; it is easy to see
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using the basis from Lemma 3.5 that this map is indeed injective. Recalling (3.8)
and Corollary 5.12, we observe that the following diagram commutes:

Endg (P, ® V®4)or — 24, End (P, @ VO@d+1)op

Pd T Tﬁdﬂ

ka Hd(A) LN Hd+1(A) kata

\I/dl J/‘I’d#—l

Endyy () (VEDP  ——  Endyy(y) (Va0
Here, Ag is f — f®idy and kg is f — pyeay, 0 (f®idy) o u‘;gd v Obviously,
the map Ay is injective, hence so too is k4. So: ’

e all three horizontal maps Ay, tq and kg in the diagram are injections;
e the outside maps k4 and k441 are isomorphisms;
e the remaining vertical maps pq, pa+1, ¥4 and Y441 are surjections.

The commutativity of the diagram implies that the embedding ¢4 factors through
the quotients to induce an embedding Hy(\, ¢) — Hgy1(), ¢). The next lemma
connects the resulting induction functor indgJrl = Hgi1(A, €)®p,(0e)? and the
functors 7® V and 7 ® V.

Lemma 5.16. There are isomorphisms
o+ ind4t! o Homyy () (V24, 7) = Homyy (o (VEUTD ) 0 (2@ V),
7 ind% o Homg (Pe ® V&, 7) 5 Homg (P @ VEUH) )0 (20 V)

of functors from RI(N\) to Haqi1(A, ¢)-mod and from OL(N\) to Hyy (), €)-mod,
respectively, such that the following diagram commutes:

ind?*! o Homg(P. @ VO, 7)  —2  ind?! o Homyy () (V2 ?) o V

Jon

T Homyy () (V& "™ 7)o 2@ V) oV
Tlu
Homg (P, ® VOW+D 2) 0 (2@ V) —2— Homy (x) (V4™ 2) 0 Vo (2@ V)

In particular, the functor indg'|r1 is exact. Moreover, the definition of T does not
depend on the choices of V or v.

Proof. Let us first define the natural transformation o. For a Wy(A, ¢)-module M,
there is a natural Hy(\, ¢)-module homomorphism

Homyy () (VE4, M) — Homy () (VETD M@ V), fr (f@idy)op b -
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By adjointness of tensor and hom, this induces a natural Hgiq (), ¢)-module ho-
momorphism

OM - Hd+1(/\, C) ®Hd(/\,c) HomW(/\)(Vc®d,M) — HomW(A)(VC®(d+1), M ® V)

In this way, we have defined a natural transformation o between the functors
ind?! o Homy () (V?, ?) and Homy () (V2 7)o (2@ V).

Next we prove that o is an isomorphism. We first observe that o gives an
isomorphism when evaluated on the module M = V®¢. This follows because in
that case, (04 y, 0 o is the canonical isomorphism between Hip1(A €) @000
Hy(\ e) and Hgy1(A ). As V27 is a projective generator for RE(\) by Theo-
rem 5.10, we deduce by naturality that o gives an isomorphism when evaluated on
an arbitrary projective module in RE()). Finally, let M be any module in RZ(\)
and let P, — P; — M — 0 be an exact sequence where P, and P, are pro-
jective. Since ind4t o Homyy (y) (VE?,?7) and HomW(A)(VC@’(dH), No(?®V) are
both right exact, we get a commutative diagram with exact rows (we abbreviate
H = HOH’IWO\))

ind (H(VE?, Py)) — indT (H(VE?, P)) — ind%™H (H(VEY, M)) — 0

UPQl Upll J,UM

HVE pe V) —HVEY PreV) —HVEY Mev) —o0

We have already shown that the first two vertical maps are isomorphisms, hence the
third map o) is an isomorphism by the five lemma. This completes the proof that
o is an isomorphism of functors. In particular, we deduce at this point that inngrl
is exact, since 7 ® V' is exact and HomW(A)(VC®d, ?7) and Homwo\)(VC@)(dJrl)7 ?) are
equivalences by Theorem 5.10.

Finally, we define the natural transformation 7. For each M € O%()), the
map

Homg (P, ® V&4 M) — Homg(P. @ VD M@ V),  fr foidy,

is a natural Hy(\, ¢)-module homomorphism. So by adjointness of tensor and hom
once again, we get a natural induced Hy1(\, ¢)-module homomorphism

mar t Har1 (N €) @pr,u(0,0) Homg(Pe ® VO, M) — Homg (P @ VO M @ V).

This definition does not involve V or v in any way. Now we check that the given
diagram commutes. In particular, this implies that 7 is an isomorphism, since we
already know that the other four maps are. Take any f € Homg(P. ® Ved £,

The image of 1 ® f in HomW(,\)(Vc®(d+1),V(M) ® V) going clockwise around the
diagram is (V(f) ®idy)o (j; ' ®@idy) o “\_/j@ 4y The image going counterclockwise
isvyoV(f®idy) o jdjl. By naturality of v, we see that vy o V(f ® idy) =

(V(f) ®idy) ovp gyea. Also, jgﬁl = Z;+11 o u;il, Z;+11 = V;c1®v®d o (iy! ®idy)
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and ,u;il = (u; ' ®idy) ou‘_/cgdy by (5.1) and (3.8). Putting these things together
completes the proof. O

Now we can prove the desired characterization of the Whittaker functor V.
This is quite useful: for instance, using this theorem one can prove that V commutes
with duality in an appropriate sense.

Theorem 5.17. Given another exact functor V' : Oq(A) — W(A)-mod and an
isomorphism of functors v’ : V' o (7@ V) — (?®V) o V' with properties analogous
to (V1)-(V2) above, there is a unique (up to a scalar) isomorphism of functors
¢ : V= V' such that the natural transformations loov and v'opl from Vo (?7@V)
to (?®V) oV are equal, i.e. the following diagram commutes:

VIMeV) 20 V(M)®V

¢M®Vl M ®idy

’

VIMeV) —. V(M)®V
for all M € Oc(N).

Proof. Fix the choice of scalar by choosing an isomorphism i} : V/(P.) = C..
From this, we get a (W (\), Hy)-bimodule isomorphism j, : V/(P, @ V®?) — V24
in exactly the same way as (5.1). Then we rerun all the above arguments with V
replaced by V' to get analogues of Lemmas 5.11 and 5.16; we denote the resulting
isomorphisms of functors by v/, ¢’ and 7’.

We claim that there exists a unique isomorphism @ : V. — V' between the
restrictions of the functors V,V’ to the full subcategory @,-,O%(A) of O(N),
such that ig = iy o pp, and 1¢ o v = 1/ o g1. The theorem exactly as stated can
be deduced from this claim as follows. For any r > 0, the claim with ¢ replaced by
¢ — r1 implies that there exists a unique isomorphism of functors ¢(") : V — V’
between the restrictions of V, V’ to the full subcategory €, 02,1 () of Oc(N),
such that the restriction of (™ to @, O%(\) equals @ and 1M ov = 1/ 0 (M1,
Then, to construct ¢ : V — V’ in general, take any module M € O.(\) and define
oy V(M) — V(M) to be the map @5&) for any r > 0 chosen so that M belongs
to the subcategory @ -, O%_ 1 (N).

To prove the claim, let us first construct @. It suffices by additivity to de-
fine it on M € OZ()\) for each d > 0. The composite map 74, o v;; is an iso-
morphism between Homyy () (VE?, V(M)) and Homyy () (VE4, V/(M)). Let @y
V(M) — V(M) be the isomorphism obtained from this by first applying the
functor VE®@y,n)? and then pushing through the isomorphism V2 @y, )
HomW(,\)(VC@)d,?) — Id arising from the canonical adjunction between tensor
and hom. This certainly satisfies the property that iy = i o ¢p,. To check that
1pov = v o @l it suffices to show that the top square in the following diagram
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commutes:

Homg(P. @ VWD 7)o (2@ V)
’Y/ - N’l

Homyy () (VEHY 7)o Vo (2@ V) —2 Homy () (VU™ 2) 0 Vo (2@ V)

ol v

Homyy ) (V™ ) 0 (2@ V) 0 V —22 Homyy () (VT 2) 0 2 @ V) 0 V7

| [

ind%*! o Homyy (1) (VE%, 7)o V. —225  ind?*! o Homyy (5 (V, 24, 7) o V/

AN e

ind4*t! o Homg (P, ® V®4,7)

This follows because the top and bottom triangles commute by definition of @, the
left and right hand pentagons commute by Lemma 5.16, and the bottom square
commutes by naturality of o.

It just remains to prove that ¢ is unique. If we set M = P, ® V®?, the
definitions force gy @ V(M) — V/(M) to be the composite (j;)™! o ja. As we
noted in the proof of Corollary 5.9, any injective module in O%(\) embeds into a
direct sum of copies of M, so this is good enough. O

For use in the next section, we record one more useful fact about V.

Lemma 5.18. For any finite-dimensional p-module M, there is a natural W(\)-
module isomorphism between V(U (g) @y (p) (C_, ® M)) and the restriction of M
from U(p) to W(X\). In particular, for A € Col%()), there is a W(\)-module iso-
morphism V(N (A)) 2 V(A).

Proof. This is proved in [BK3, Lemmas 8.16-8.17] for one particular choice of the
functor V. It follows for all other choices by Theorem 5.17. O

5.5. Degenerate analogue of the Dipper—Mathas equivalence

We give one application of Theorem 5.13 to recover the degenerate analogue of a
theorem of Dipper and Mathas [DM]. This theorem reduces most questions about
the algebras H;(A) to the case where A is an integral weight as in the introduction.

Theorem 5.19. Suppose I =1U'+1" and N = (p!,...,pl) resp. ' = (pY,...,pl) is
the partition whose diagram consists of the leftmost I resp. rightmost I columns
of A\. Let ¢ = (¢1,...,¢p) and ¢’ = (¢cy11,...,¢), and assume that no entry of ¢’
lies in the same coset of C modulo Z as an entry of ¢’. Then there is an algebra
isomorphism

Hy(\o)= P May(Ha (N, €') @ Hyr (X", ")),
d'd=d
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i.e. Hy(\, e) is isomorphic to a direct sum of matrix algebras over tensor products
of degenerate cyclotomic Hecke algebras defined relative to ¢ and c”.

"

Proof. Let g' = gly, 1.1, (C), 8" =gl 1..44(C), and take all other notation
from Corollary 4.13. Note that P. & R(Pe X Per). Let V. = V' & V" be the
obvious decomposition of the natural g-module V' as the direct sum of the natural
g’-module V' and the natural g”’-module V”. Observe that, as a g-module, V&4

has a filtration whose sections are isomorphic to a direct sum of (;,) copies of

vl & V”®d”, one such for each decomposition d = d’ 4+ d”. So by the tensor
identity, we deduce that P, ® V®¢ has a filtration whose sections are isomorphic
to a direct sum of (;,) copies of

R(Py @ V'® & Pu o V"),

one such for each decomposition d = d’ + d”. Recalling the block decomposi-
tion from Corollary 4.13, the latter module belongs to the subcategory OZ 4" ()\).
Hence, the filtration splits and we have proved that

d / 1
poreieal @ (rvernn o)
d/
d'+d'=d
Computing the endomorphism algebra of the right hand side using the fact from
Corollary 4.13 that R is an equivalence of categories, we deduce that

Endy(P. ® V%)
= P My (Endg(Pe @ V') @ Endgr (Per @ V")),
d'+d"=d

Combining this with Theorem 5.13 completes the proof. O

Corollary 5.20. Suppose A = A" + A", where A" = Ay; + -+ + Ag, and A =
Ay, + -+ Ay, for some ay,... a5, b1,...,b0; € C such that no element from the
set {ay,...,ar} lies in the same coset of C modulo Z as an element from the set

{b1,...,b;}. Then

Hy(AN) = P Mgy (Ha (') @ Har (A")).
d’'+d'"=d

6. Permutation modules and Specht modules

We continue to assume that the origin ¢ = (c1,...,¢;) € C! satisfies (4.1). The
immediate goal is to prove Lemma 5.6. To do this, we are going to exploit some
weight idempotents belonging to the algebra Wy(A, ¢) as in [G, Ch. 3]. Then we
use similar techniques to deduce the relationship between various natural families
of modules in O4()\) and H,(\, ¢)-mod.
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6.1. Proof of Lemma 5.6
Recall that Tab?()\) denotes the set of all A-tableaux with non-negative integer

entries summing to d. For A € Tab®()\) with column reading y(4) = (ai,...,an),
let
i(A)=(1,...,1,2,...,2,...,N,...,N) e I.
—— —— ———
aq times ao times an times

If all entries of A except the rightmost entries in each row are zero, i.e. a; # 0 =
R(i) = 0 for each i = 1,..., N, then we call A an idempotent tableau. Let Tdem®(\)
denote the set of all idempotent tableaux in Tab?()). For A € Idem?()\), the pair
(i(A),i(A)) belongs to J¢, so it makes sense to define

ea = Eia),ia) € Wa(X e),
recalling Theorem 3.9. In terms of matrix units, Lemma 3.8 implies that

ea = > €ii- (6.1)

d
row (¢)~row(i(A))

It follows immediately that the elements {e4 | A € Idem®(\)} are mutually or-
thogonal idempotents summing to 1. For any left W;(A, ¢)-module M, we therefore
have a vector space decomposition

M = EB esM. (6.2)

Acldemd())

(We remark that this decomposition is precisely the weight space decomposition
of M in the sense of [BK3, (5.1)].) Similarly, we have

Wahe)= @  Wal clea, (6.3)
A€ldem®()\)
so each Wy(\, €)e4 is a projective left Wy (A, ¢)-module.
For the next lemma, recall the U(p)-modules ZA(V) from (4.6), for each
A € Tab®()\). We will from now on view these as W (\)-modules by restriction.
Since ZA(V) is a submodule of V4 the W(\)-module ZZ(V) belongs to the
category R%(\), i.e. it is the inflation of a W4(), ¢)-module.

Lemma 6.1. For A € Idem®()\), the map
Wa(\, e)ea — Z2(V),  xea — via),
is an isomorphism of left Wy (X, ¢)-modules.

Proof. Note first that v; 4) € ea V24 does indeed belong to the submodule Z2(V),
so this is a well-defined homomorphism. Letting d; be the sum of the entries on the
jth row of A, the stabilizer of 4(A) in Sy is the parabolic subgroup Sg, X -+ X Sy, .
Pick a set I(A) of representatives for the orbits of S4, x -+ x Sg, on the set



42 J. Brundan and A. Kleshchev Sel. math., New ser.

{i € I | (4,4(A)) € J%}. Then by Theorem 3.9, the vectors {Z; ;04 | © € I(A)}
form a basis for Wq(A, ¢)es. Moreover, the definition of Z; ; 4y shows that

Zi,4(A)ViA) = Z V5.
(3,5(A))~(4,i(A))
These vectors for all 4 € I(A) form a basis for Z2(V). O

Theorem 6.2. For any r > 0 and d = Nr, C, ® det” is a projective Wy(\, c)-
module.

Proof. Note that C. ® det” = C, ® det” = Cey,1 is the irreducible Wy (A, ¢)-
module L(Aeqr1). No other tableau in Col()\) has the same content as Ae,1,
as follows easily on recalling the explicit definition of A, from §4. This means
that L(Aeyr1) is the only irreducible module in its block, so we just need to
show that L(Acyr1) appears with multiplicity one as a composition factor of the
regular module Wy(\, ¢). Moreover, it shows that V(Aetr1) = L(Actr1), and for
Agyir1 # B € Cold()\) the standard module V/(B) does not even have L(A¢y,1) as
a composition factor.

The first part of Lemma 4.10 shows that Z2(V) has a filtration as a p-
module with sections of the form V' (B) for B € Col%(\), each V(B) appearing with
multiplicity Kp 4. Hence it also has such a filtration when viewed as a Wy(A, ¢)-
module. Therefore, by Lemma 6.1 and (6.3), the regular module Wy(\, ¢) has a
filtration with sections of the form V(B) for B € Col%()\), each V(B) appearing
with multiplicity ZAeIdemd()\) Kp 4.

Combining the conclusions of the previous two paragraphs, it just remains to
show that K 4_4r1,4 is zero for all but one A € Idemd()\)7 and for that A it is equal
to one. This is an easy combinatorial exercise starting from the definition of the
generalized Kostka numbers before the statement of Lemma 4.10; the only A €
Idem®(\) for which K 4_i,1.4 is non-zero is the one whose jth row has rightmost
entry rp; for each j with p; > 0. O

Lemma 5.6 from the previous section follows immediately from Theorem 6.2
and the definition of the category R.()\), so we have now completed the proofs of
Theorems A and B from the introduction.

6.2. The row removal trick

The next goal is to prove that Hy(\, ¢) is a sum of blocks of Hy(A), as remarked
in the introduction. Pick 7 < n and let

A= (p1,...,pn) (6.4)
be the partition obtained by removing the largest n — n parts from our fixed
partition A\. Let N = N —psi1 — - —pn, I = {1,...,N} and g = glx(C) with

natural modulej—/. Working from the diagram of ), we define a grading on g, hence
subalgebras m, b and p, as usual. The finite IW-algebra W () is then a subalgebra
of U(p). We denote the analogue of tensor space for W(\) by V.®4 with basis
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{vi | i € I?}. Let @40 : W(A) — Endc(V2?) be the resulting representation, with
image Wy(X, ¢). The same degenerate cyclotomic Hecke algebra Hy(A) that acts
on the right on V2% also acts on the right on V¢ according to the formula from
Lemma 3.3. Let Uy : Hy(A) — Endc(V29)°P be the resulting homomorphism,
with image Hy(), c).

Define an embedding I¢ < I?% under which i € I% maps to the unique element
i € I such that row(z) and col(z) (computed from the diagram of \) are equal to
row(i) and col(i) (computed from the diagram of \). Let e denote the idempotent

e= Y _e;; € Ende (V). (6.5)

iel?
In the notation of (6.1), we have e = 3, ea with sum over all A € Idem?(\) such
that all entries in rows i+ 1,...,n of A are zero. This shows that e belongs to

the subalgebra Wy(A, ¢), so it is an Hy(A)-equivariant projection and eV, ®¢ is an
Hi(A)-submodule of V4. 1t is obvious from Lemma 3.3 that the map

. ®d &~ ®d
a: V2T —= eV v—

1?

(6.6)

is an isomorphism of right H;(A)-modules. Hence, there is a unique surjective
algebra homomorphism

7 Hg(\ e) = Hy(\ ) (6.7)
such that 7o Uy = U,. Let

B : Endc(VE?) 5 Ende(eVPY) = eEndc(VP%e,  eij— e, (6.8)

'z

be the natural algebra isomorphism induced by «.

Lemma 6.3. The restriction of the map 3 to the subalgebra Wq(\,c) gives an

algebra isomorphism B : Wy(\, €) — eWy(\, ¢)e with B(Z; ;) = 55

Proof. By Theorem 3.7, 3 maps the subalgebra Wy(\,¢) = Endp,a)(VE?) to
eEnde(A)(Vc®d)e = eW4(X, ¢)e. The fact that S maps the basis element Z; ; of
Wa(X, €) to the element E; ; is now clear from Theorem 3.9. O

There are also algebra embeddings

VW) S W), T T, (6.9)
6:U(p) — U(p), €ij €5 (6.10)

For a proof that the first of these is well-defined, see the first paragraph of [BK3,
§6.5]. We stress that - is definitely not the same as the restriction of ¢: that usually
does not even map W(A) into W (A). Nevertheless, we still have the following result.

Lemma 6.4. If we view the p-module VE¢ as a p-module via the embedding 0,
then the subspace eVE? is a p-submodule and the map o : V24 - eVEd is a
p-module isomorphism. If we view the W (\)-module VE? as a W()\)-module via



44 J. Brundan and A. Kleshchev Sel. math., New ser.

the embedding v, then the subspace eV 2% is a W(\)-submodule and o is a W (\)-
module isomorphism. Moreover, the following diagram commutes:

W) 2, Wy(he) — Ende(V4

(Vg

@ ys

K W\ c)e — Ende(VEe 0
W) —2, Wy(he) < Ende(VEY) «——— U(p)

Here, ¢ : Endc(VE?) — Endc(VE%e = Homg(eV,EY, VEL) denotes the natural
restriction map.

) —— Up)

Proof. The first statement is obvious. To prove the second statement (which is
actually never used elsewhere in the article), one needs to use the explicit definition
of the generators [BK3, (3.15)—(3.17)] of W(\); the key point is that for 1 <4,j <7

_ . . . T
and x < 7, all monomials e;, ;, - - - e;, ;. in the expansion of the elements Ti( j)_z from
- - v

[BK3, (3.11)] that have row(i;) > n for some t necessarily act as zero on eV, 9.
Now let us verify the commutativity of the left hand pentagon. Take z € W(\)
and v € V24 We just need to check that ®4.(v(z)) and B(®g4 (7)) act in the
same way on a(v) € eV 24

ﬂ(@dﬂ(x))a(v) = a(@d@(x)v) = azv) = y(@)a(v) = g c(v(z))a(v).

The proof that the right hand pentagon commutes is similar, with the use of the
first statement. The middle two squares commute by definition. O

Let us call A € Col®()\) contractible if the entry in the ith row and jth

column is equal to ¢; + 1 — 4 (the same entry as in A.) for alli =n+1,...,n and
j=1,...,p;. In that case, we define A € Col?()) to be the tableau obtained from
A by removing the rows numbered 1+ 1,...,n.

Lemma 6.5. If we identify Wy(
Lemma 6.3, then there are Wa(

~ J V(A) if Ais contractible,
10 otherwise,

E\,c) with eW4(A, c)e via the isomorphism (8 from
)\,c )-module isomorphisms

for all A € Col%()), and

~ [ L(A) if A is contractible,
eL(4) = {O otherwise,

for all A € Std4(\). Moreover, given A, B € Col%(\) such that A is contractible
and B is not, we have 0(A) # 0(B).
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Proof. Using the right hand part of the commutative diagram from Lemma 6.4,
it suffices to prove the first isomorphism at the level of p-modules: viewing the
irreducible p-module V(A) as a p-module via the embedding J, we need to show
that the p-submodule eV (A) is either isomorphic to V(A) or is zero according
to whether A is contractible or not. Since eV (A) is just a sum of certain weight
spaces of V(A), this follows from a well known result at the level of h-modules.

To deduce the second isomorphism, recall that if A € Std?(\) then L(A) is
the unique irreducible quotient of V(A) (viewed now as a W (A)-module). Hence
eL(A) is zero if A is not contractible. If it is contractible, then the highest weight
vector of V(A) lies in the subspace eV (A), so eL(A) is not zero. Moreover, it is
irreducible by a well known result [G, (6.2b)], and it is a quotient of eV (A) = V(A).
This implies that eL(A) =2 L(A) as required.

For the last statement, suppose that A is contractible and §(A) = 6(B). The
nth row of A contains the entries ¢; +1 —mn,...,¢ +1 —n. Since §(B) = 6(A4),
B must contain these entries somewhere, hence, because of (4.1), B must contain
these entries in its nth row too. Now remove the nth row and repeat the argument
to deduce that B is contractible. O

Theorem 6.6. There is a central idempotent f € Hy(X, ¢) such that the restriction
of the map © from (6.7) defines an algebra isomorphism

™ fHd()\,C)f :> Hd(;\, C).

Moreover, if we identify Hy(\,¢) with fHy(\,c)f in this way, there is a natural
Hy(\, ¢)-module isomorphism

Homw(;\)(f/c@d, eM) = fHomW(A)(VC®d, M)
for any left W4(A, ¢)-module M.

Proof. By Lemma 6.5, given A, B € Stdz()\) such that A is contractible and B
is not, the corresponding irreducible Wy (A, €)-modules L(A), L(B) have different
central characters. Hence, there is a central idempotent f € Wy(A, ¢) such that

L(A) if A is contractible,

FL(4) = {O otherwise, (6.11)

for every A € Std%(\). Moreover, on identifying Wy(X, ¢) with eWy(\, ¢)e via
the isomorphism (§ from Lemma 6.3, the well known general theory implies that
the functor M +— eM arising from the idempotent e = ef = fe defines an
equivalence between the categories fWy(), ¢) f-mod and Wy(, ¢)-mod. Since the
endomorphism f of V2% centralizes W,(), ¢), it is also a central idempotent in
Hq(X, ¢) = Endyy(y) (VE?)P, and we have

FHa(X, ©)f = Endy,x,0) (fVE)) 2= Endery, (r,00e (Ve )P
= Ende(Xc) (Vc®d)0p = Hd(j‘7 C)'
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The composite isomorphism is simply the restriction of 7, hence that is an isomor-
phism as claimed. Moreover, for any Wy(\, ¢)-module M,

f Hode()\p) (Vc®d7 M) = Hode(A,c) (Vc®da fM) = Hode(A,c) (fvc®da fM)
o Homewd(,\7c)e(evc®d, eM) = Hode(;,c)(Vf@d, eM)

as Hy(\, ¢)-modules. O
Corollary 6.7. Hy(\,c) = fH4(A)f for some central idempotent f € Hg(A).

Proof. If at least d parts of A are equal to [, then Hy(\, c) = Hy(A) by Lemma 3.5.
So the theorem shows in particular that Hy(A,¢) = fHy(A)f for some central
idempotent f € Hg(A). O

6.3. Divided power modules and permutation modules

Call S € Idem?(\) a special tableau if all its entries are < 1 and all its non-zero
entries appear in column [. Such tableaux exist if and only if at least d parts of A
are equal to l. In that case, the functor HomW(A)(Vc‘@d, ?) is particularly easy to
understand, because by the following lemma it just amounts to projecting onto a
certain weight space. Moreover, using Theorem 6.6, it is usually possible to reduce
computations involving the functor Homyy(y)(V 2%, ?) in general to this special
case.

Lemma 6.8. Let S € Idemd()\) be a special tableau. Then there is an algebra iso-
morphism

h: Hd(A) — eswd()\, C)es

under which & € Hy(A) maps to the unique element h(z) € esWa(X, €)es with
h(z)vi(s)y = vi(sy®. Moreover, if we identify Hq(A) with esWa(X, c)es in this way,
there is a natural left Hy(A)-module isomorphism

Homyy () (VE9, M) = esM, 0 0(vi(s)),
for any left W4(X, ¢)-module M.

Proof. By Lemma 6.1 we have V.2 22 W;(), ¢)es. Hence, using Theorem 3.7 and
Lemma 3.5, we get isomorphisms

65Wd()\, C)es = EHde(,\,c)(Wd()\7 C)Gs)OP = Endw()\)(VC@d)Op =~ Hd(A)
This is the isomorphism A. Moreover,
Homyy () (VE24, M) = Homyy, (x,e) (Wa(\, €)es, M) = egM,

which proves the second statement. O

As a first application of this lemma, we can compute the image of the divided
power modules Z(A, ¢) under the functor Homg(Pe ® V4 7). For A € Tab®()\)
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with v(4) = (aq,...,an), introduce the following elements of Hy(A, ¢):

wy = Z w, (6.12)

WESay X+ XSay
N a; l

ta= H H H (Tay+-+a;_1+5 — (ck + g —n)). (6.13)

i=1j=1 k=col(i)+1

Note these elements commute; indeed, x 4 centralizes all elements of the subgroup
Say X -+ X Sgy- The corresponding permutation module is the following left ideal
of Hy(\, ¢):

M(A,c) = Hg(\, e)zawa. (6.14)
When ¢ = 0, we denote this module simply by M(A).
Theorem 6.9. For A € Tab®()\), we have

M(A, e) = Homyy () (VP4 Z2(V)) = Homg (P ® V¥4, Z(A, €)).

Let v(A) = (a1,...,an), col(i(A)) = (n1,...,nq) and Sq/Sa, X -+ X Say be some
choice of coset representatives. Then, in the special case where at least d parts of
A are equal to I, the vectors

{wa' a2l zawa |0 <1y <ng, w e Sq/Say X -+ X Sapt
give a basis for M(A,c) and
d!
ay!l---apn!
Proof. Note that V(Z(A,c)) = Z2(V) by Lemma 5.18. Given this, the second
isomorphism follows by Lemma 5.11. Now consider the first isomorphism in the
special case where at least d parts of A are equal to [. Let S € Idemd(/\) be a

special tableau. If we identify Hy(A) with esWy(), ¢)es and Wy(), ¢)es with V.4
according to the first part of Lemma 6.8 and Lemma 6.1, the map

Hy(A) — esVEL, @ vyg)z = h(z)vys), (6.15)

dim M (A, c) = col(1)® «- - col(IN)*~.

is a bimodule isomorphism. It maps the left ideal H;(A)x 4w 4 isomorphically onto
the left esWy(\, ¢)es-submodule of 5V, 2? generated by the vector Vi(s)TAwA. We
just need to show this submodule is equal to egZ2(V), since that is isomorphic
to Homyy () (VE?, Z2(V)) by the last part of Lemma 6.8.
Define j € I? so that col(j) = col(i(A)) and row(j) = row(i(S)). The key
observation is that
Ui(s)JTA = Uj. (616)
To see this, use Lemma 3.3 to apply the elements from the product on the right
hand side of (6.13) in order starting with the one involving z;. In particular,
this shows that vis)zawa = wvjwa; the latter vector clearly lies in esZ2(V).
Hence, the esWy(, ¢)es-submodule of e5V,®? generated by the vector Vi(S)TAWA
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is contained in egZZ(V). Now take 0 < 7; < n; and w € Sy. Define j(w) € I so
that col(j(w)) = col(i(A4)) and row(j(w)) = row(¢(S) - w). Then

. ™. pld = r r
Vi()WTy T BAWA = VT 0p7d (j(w) WA T (%),

where (x) is a sum of vectors of egV®? of strictly smaller degree in the natural
grading. The vectors

{vLIIO“'OL;d(j(w))U)A | 0 S Ti < NG, w S Sd/Sal X+ X SaN}
give the obvious basis for the weight space esZ2(V). Since we already know that
VW -t rawa = h(wryt - Th )vis)Tawa

lies in esZA(V), it follows that the lower terms () all belong to esZ2(V), and
by a triangular change of basis argument the vectors

{viyway - wfrawas | 0<7r;<niwe€Sq/Say X X Say}

form a basis for e5Z2 (V). This proves that the esWy(), ¢)es-submodule of egV, 4
generated by the vector v;(s)Tawa is equal to eSZf(V), and at the same time the
vectors in the statement of the theorem form a basis for M (A4, ¢).

Finally, to deduce the existence of the first isomorphism in general from this
special case, assume that A is obtained by removing parts from \ as in (6.4).
Take A € Tabd()\) such that all entries in rows 7 + 1,...,n of A are zero, and
let A € Tabd(j\) be the tableau obtained by removing these rows. Let e be the
idempotent from (6.5). Identifying eWy(), ¢)e with Wy (), ¢) via the isomorphism
3 from Lemma 6.3, we obviously see that eZ2(V) = ZA(V) as W ())-modules. We
have already shown that Homy,(»)(VE?, Z2(V)) = M(A, ¢). So now Theorem 6.6
implies that Homw(x)(f/c@d,Zf(V)) =~ U, (M(A,c)) as Hy(\, ¢)-modules. It just
remains to observe that Wy(z4) = x4, so Yg(M(A,c)) = M(A,c). O

6.4. Cyclotomic Schur algebras and the proof of Theorem C
Now we let Sy(), €) denote the finite-dimensional algebra

Sd()\, C) = Ende(A)< @ ]\4(147 C)) Y = EndW(/\)( @ Zf(V)) f)
A€Tabd()\) A€Tabd(\)
the second isomorphism being a consequence of Theorems 5.10 and 6.9. As usual, if
¢ = 0, we denote this algebra simply by S4(\) and (for reasons explained shortly)
call it the cyclotomic Schur algebra. The first part of the following theorem is
due to Stroppel [S1, Theorem 10.1], and can be viewed as a parabolic analogue of
Soergel’s Struktursatz.

Theorem 6.10. The functor Homg (P, @ V4 ?7) : O4(N\) — Hg(\, ¢)-mod is fully
faithful on projective modules. In particular, it induces an algebra isomorphism

Endg (P Z(A,c))Opzsd(A,c).
A€Tab?())
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Hence the category OL()\) is equivalent to the category of all finite-dimensional left
Sa(A, ¢)-modules.

Proof. By Theorem 4.8 and Corollaries 4.9 and 4.6, P, ® V®? is a direct sum
of all the self-dual projective indecomposable modules in O%()), each appearing
with some non-zero multiplicity. If we apply [KSX, Theorem 2.10] as in the proof
of [KSX, Theorem 3.2], the proof of the first statement reduces to checking that
there exists an exact sequence 0 — Py — P; — P, in O%()\) such that Py is a
projective generator and P, P, are self-dual projectives. To see this, note that for
A € Tab®(\) there is a short exact sequence of p-modules 0 — ZA(V) — V&4 —
K — 0 for some finite-dimensional p-module K. Inducing, we get a short exact
sequence 0 — Z(A,¢) — P.®@ V® — L — 0 where L € O%()\) has a parabolic
Verma flag. By Theorem 4.8, the injective hull I of L is a self-dual projective
module and we have constructed an exact sequence

0— Z(A,e) > P.oV® - 1.
By Theorem 4.14, the module @AETabd()\) Z(A,c) is a projective generator for
O%(N\), so it just remains to take the direct sum of these exact sequences over all
A € Tab®()\). Moreover, the image of the projective generator @AeTabd()\) Z(A,c)
under the functor Homg(P. ® V®% ?) is isomorphic to D sctabin) M (A, €) by

Theorem 6.9. So the second statement now follows from the first, and then the
final statement follows by the well known general theory. O

To deduce Theorem C, it just remains to explain the relationship between the
algebra S4(), ¢) and the degenerate analogue of the cyclotomic g-Schur algebra of
Dipper, James and Mathas from [DJM]; see also [AMR, §6] where the degenerate
case is considered explicitly. The key observation is that if at least d parts of
A are equal to ! (when Hg(A,¢) = Hy(A)), our permutation module M(A,c) is
essentially the same as the permutation module M* of Dipper, James and Mathas,
for the parameters @Q1,...,Q; defined from Q; = ¢; + ¢; — n and the [-tuple of
compositions p = (u(l), ey ,u(l)) defined so that the parts of u(?) are the entries
in the 7th column of A. More precisely, the permutation module of Dipper, James
and Mathas is exactly the right ideal wax 4 Hy(A), which is isomorphic to our left
module M (A, ¢) viewed as a right module via the antiautomorphism

x: Hy— Hg, x;— i, 55 — 5. (6.17)

Since the degenerate analogue of the cyclotomic g-Schur algebra of Dipper, James
and Mathas is the endomorphism algebra of a certain direct sum of their per-
mutation modules, this implies that S4(A, ¢) is at least Morita equivalent to their
algebra. Hence, Theorem C from the introduction is a special case of Theorem 6.10.
The following lemma further clarifies the relationship between permutation mod-
ules and the tensor space V.24, upon recalling (6.2).

Lemma 6.11. Assume that A € Idemd(/\). Then the following are isomorphic as
right Hq(A)-modules:
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(i) the weight space V24,

(ii) the right ideal wax aHg(A) of Hq(A);

(iii) the right ideal wazaHg(\, €) of Hy(\, ¢);

(iv) the permutation module M (A, c) viewed as a right module via *.

Proof. Assume to start with that at least d parts of A are equal to [, so that a
special tableau S € Idem®(\) exists and Hy(\, ¢) = Hy(A). By (6.17), it follows
that the dimension of wax 4 Hy(A) is the same as the dimension of M (A, ¢), which
we computed in Theorem 6.9. This agrees with the dimension of the weight space
eaVE4. The bimodule isomorphism from (6.15) identifies wazaHy(A) with the
right Hg(A)-submodule of esV,®¢ generated by the vector visywaza. Let j € I¢
satisfy col(j) = col(i(A)) and row(j) = row(¢(S)). Left multiplication by Z; ;a)
clearly defines a right Hy(A)-module homomorphism

0 : eAVC®d — 65VC®d.

By the definition of =; ; 4) from Theorem 3.9, and using (6.16) for the penultimate
equality, we find that

0(vica)) = Zj,i(a)Vi(a) = Z Vjaw = VjWA = V4($)TAWA = Vi(§)WATA-
WESqy XX Sq

Hence, the image of 6 contains the copy v;sywaraHa(A) of wazaHg(A). We
have already observed that dim eAVc®d = dimwazaHy(A), so we now see that
is injective and its image is isomorphic to wax s Hg(A). This proves the modules
(1) and (ii) are isomorphic in this special case.

Now assume that \ is obtained by removing parts from A, as in (6.4). Take
A€ Tabd(/\) such that all entries in rows 72 + 1,...,n of A are zero, and let A €
Tab®()) be the tableau obtained by removing these rows. Let e be the idempotent
from (6.5). By the previous paragraph, e4V.®? is isomorphic to waz s Hg(A) as
a right Hy(A)-module. On the other hand, recalling Lemma 6.3, we have e4 =
B(ez) = eae, so

eaVE?l = eaeV P! = Blen)a(VE?) = alegVEY,

which is isomorphic to ezV,®¢ as a right Hy(A)-module. This proves that the
modules (i) and (ii) are isomorphic in general.

To deduce the remaining statements in the lemma, note the module (i) is
an Hy(A, ¢)-module, so by the isomorphism between (i) and (ii) we see that the
module (ii) is the inflation of an H4(A, €)-module too. Recalling Theorem 6.6, this
easily implies that (ii) and (iii) are isomorphic, and it is obvious from (6.14) that
(iii) and (iv) are isomorphic. O

6.5. Parabolic Verma modules and Specht modules

The final task is to give an intrinsic description of the Hg(A)-modules which cor-
respond to parabolic Verma modules and standard modules under the functors
Homg (P, @ V¥ ?) and Homy(»)(VE?,?), respectively. For a partition p of d,
let S(p) denote the usual (irreducible) Specht module for the group algebra CSy
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parametrized by the partition p. Given a € C, there is the evaluation homomor-
phism

eve : Hg - CSy, 217 a, sj— sj. (6.18)
We denote the lift of the Specht module S(p) to Hy through this map by evy (S(u))
and also refer to it as a Specht module.

Let A € Col?(\). Define an I-tuple of partitions g = (M), ..., u®) by letting
the parts of (Y be the entries in the ith column of A — A.. Say u(¥ is a partition
of d; for each i = 1,...,l. We view Hy,, . q4,) = Hg, ® -+ ® Hg, as a subalgebra
of Hy in the obvious way; see e.g. [K, §3.4]. The (outer) tensor product

Vi g —n (S B Revi o (S(uV)) (6.19)
is a left Hg, .. q,)-module. Define the Specht module S(A) by setting

S() = Hoop, (o sqn(SED) B Bev o (S(u)). (6:20)

By [K, 3.2.2], Hy is a free right Hg, . 4)-module with basis given by any set of
Sa/Sa, X -+ % Sg,-coset representatives, which implies that

d!
It is quite easy to see directly from the definition (6.20) that the action of Hy on
S(A) factors through to the quotient H;(A), so S(A) can be viewed as an Hg(A)-

module. This also follows from the following theorem, which shows moreover that
S(A) is an Hgi(A, ¢)-module.

dim S(A) = x dim S(p™M) x -+ x dim S(u®). (6.21)

Theorem 6.12. For A € Col%(\), we have
S(A) = Homyy(»)(VEY, V(A)) = Homg (P ® VO, N(A))
as left Hy-modules.

Proof. The second isomorphism follows from Lemmas 5.11 and 5.18. To prove the
first isomorphism, assume to start with that at least d parts of A are equal to [, and
let S be a special tableau. Let v(A — A.) = (a1,...,ax) and p = (p®, ... u®)
be the I-tuple of partitions so that (9 is the partition of d; whose parts are
the entries in the ith column of A — A.. Let Z = Z2A~4<(V). The grading on
V&4 induces a grading Z = @D,~, Zi on the subspace Z; the bottom degree is
b= ZZV:I a;(l — col(@)). The subspace Z~, = @, Z; is stable under the action
of p, and clearly the quotient p-module Z/Z~; is isomorphic to the inflation of the
bh-module Z;. Letting V{;) denote the span of all {v; | col(i) = j}, we have

Heo) N0
Zy=2¢ (Vi) BB ZL (Vi)

as an h-module, where for a composition g = (u1, ..., u.) and a vector space E we
write ZH(E) = ZM(E)®---® Z#(FE). Hence, by the well known classical theory,
there is an Sg, X -+ x Sg,-module isomorphism

Homy (V2 Zy) = M(uW)R - & M (u®),
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where for a composition g = (p1,..., ) of d we write M(u) for the usual per-
mutation module for the symmetric group Sy, i.e. the module induced from the
trivial repesentation of the parabolic subgroup S,, x --- x S, . Composing the
natural maps

Homy (VP?, Z,) = Homy (VE?, Z/Zp) — Homyy () (VEY, Z) Z4),
we construct an embedding
feM@EP)R - &M (uY) — Homyy (r) (VY Z/Z-s)

at the level of S4, X --- x Sg,-modules. Let us describe the image of f explicitly in
coordinates. Identify Hq(A) with esWy(X, ¢)es and Homyy () (V2Y, Z/Z~,) with
esZ/esZ~p according to Lemma 6.8. Let j € I¢ satisfy row(j) = row((S)) and
col(j) = col(¢(A — A.)). Then the image of f is identified with the span of the
vectors {vjwwa_a, +esZsp | w € Sq, X -+ x Sy, }. Moreover, by (6.16), we know
that vjwwa_a, = Vi(5)Ta—A wwa— 4, . Hence, for any i = 1,...,[, we have

P(Zdy 4o tdy  +1)VjWWA— A, = Vi($)Tdy 4t ds 1 +1TA— A, WWA—A,
= V() TA—AcTdy+-+di—1 +1WWA— A,
= VjLdy+-+di 1 +1WWA-A,
= (¢ + ¢ —n)vjwwas_a, (mod egZsy),

the final congruence following by an explicit calculation using Lemma 3.3. For a
composition p of d, let us now write ev’ (M (u)) for the Hz-module arising by lifting
the permutation module M (p) from CSy to Hy via the evaluation homomorphism
(6.18). Then evjl+q17n(M(u(1))) X-. X eV:ﬁan(M(,u(l))) is the unique lift of
MpM)YR - &M (u®) to Hyg,, a4 such that z4,..4q, ,+1 acts as ¢; + ¢ — n
for each i = 1,...,l. So the calculation we just made establishes that the map f
is actually an embedding

f : evzl+q1—n(M(M(1))) K- K eVZl+ql—n(M(/J(l)))
— HomW()\)(Vc®d, Z/Z>b) = 65Z/63Z>b
at the level of Hg, . g4,)-modules. Moreover, the image of f contains the vector

vjwa— A, + esZ>p which is a generator of esZ/egZ~y, as an Hg-module.
Now, as an h-module, V' (A) can be viewed as the (outer) tensor product
V(A) = V(A) B B V(A),

where A; is the ith column of A and V' (A;) is the corresponding irreducible aly, (C)-
module. It is well known that there is a surjective gl , (C)-module homomorphism
Zﬁfi(z) (Viiy) = V(As). So there is a surjective h-module homomorphism Z, — V(A),
hence a surjective p-module homomorphism Z/Z~;, — V(A). Moreover, by the
classical theory again,

Homy, (V2 V(4)) 2 S(uV) B+’ S(u?)
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as an Sq, X --- x Sg,-module. Combining this with the conclusion of the previous
paragraph, we construct a commutative square

eV:HrtIl*n(M(M(l))) XX eVZLJrqz*n(M(M(l)))
I
Homp (‘/c®d7 Z/Z>b) — HomW(A)(Vc(@d, Z/Z>b)

| !

HomP(Vc®d7V(A)) — HomW()\)(Vc®d7V(A))
|
S(M(l)) X..-X S(M(l))

where the vertical maps are surjections arising from the map Z/Z~, — V(A). This
shows that there is an H(q, . . 4,)-module homomorphism

(SN E--- Rev; (S(1")) = Hom () (V, V(A))

ct+q—n
whose image generates Homyy(,)(V 4, V(A)) as an Hg-module. Applying adjoint-
ness of tensor and hom, we get from this a surjective Hz-module homomorphism
S(A) — Homyy(»)(VE4, V(A)). In view of (6.21) and another dimension calcula-
tion for the right hand side, this is in fact an isomorphism, and we are done in the
special case.

Now for the general case, let X be obtained from A by removing rows as usual.
Take A € Col(\) and assume A is contractible, so A € Col%(}) is defined. By
Lemma 6.5, we know that eV (A) = V(A). Hence, by the last part of Theorem 6.6,
we have Homy,(3)(VE9, V(A)) 2 f Homy () (VP4 V(A)). Tt remains to observe
using the last statement from Lemma 6.5 that all composition factors of V(A) are
of the form L(B) with B contractible. Hence, recalling (6.11), we have fV(A) =
V(A). So, we deduce that

f HomW()\) (Vc®da V(A)) = HomW(A)(Vc®d7 fV(A))
= HomW(A)(Vc®d7 V(A)) = S(A)
as Hy(A)-modules. O

*
eVe, +q1—n

Corollary 6.13. For A € Tab®()\), the permutation module M (A, ¢) has a Specht
flag in which the Specht module S(B) appears with multiplicity Kp a for each
B € Col()\), arranged in any order refining the Bruhat ordering on Col&(\) (most
dominant at the bottom).

Proof. Immediate from Theorems 6.12, 6.9 and Lemma 4.10. (|

Remark 6.14. The Specht module S(A) from (6.20) is isomorphic to the degenerate
analogue of the cell module S* of Dipper, James and Mathas. An explicit con-
struction of a filtration as in Corollary 6.13 can be deduced from [AMR, Theorem
6.3] using the formalism of cellular algebras.
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For A € Std%()\), we let
D(A) = Homgy (P, ® V®?, K(A)) = Homyy (r) (VS L(A)). (6.22)

By Theorem 5.10 and Lemma 5.3, the modules {D(A) | A € Std%(\)} form a
complete set of pairwise non-isomorphic irreducible H;(A, ¢)-modules.

Theorem 6.15. For A € Std%()\), the Specht module S(A) has an irreducible cosocle
isomorphic to D(A). Moreover, for A € Col%(\) and B € Std(\), we have

[S(4) : D(B)] = [N(A) : K(B)],

so the composition multiplicities of Specht modules can be computed in terms of
Kazhdan—Lusztig polynomials.

Proof. Apply Theorem 6.12 and exactness of the functor Homgy(P. ® ved ?). O

Remark 6.16. In the case ¢ = 0, an explicit formula for the composition multi-
plicity [N(A) : K(B)] in terms of Kazhdan—Lusztig polynomials is recorded in the
formula [BK3, (4.8)]: the expression in parentheses there is exactly [N(A) : K(B)]
by [BK3, Theorem 4.5]. We refer the reader to [BK3, §8.5] for further combinato-
rial results about the representation theory of Wy (A, ¢), all of which can easily be
translated into analogous (but mostly already known) results about the represen-
tation theory of Hy(\, ¢) using Theorem 5.10 and Lemma 5.16. We finally point
out that by [AMR, Theorem 6.11], Hy(, ¢), hence also the higher level Schur alge-
bra Wy(A, €), is a semisimple algebra if and only if d < ¢; —g; forall 1 <i < j <1
with ¢; = ¢;.

Appendix A. Symmetric algebras

In this appendix we include a short proof of the fact that the degenerate cyclotomic
Hecke algebra Hy(A) is a symmetric algebra. The g-analogue of this result is due to
Malle and Mathas [MM]. The degenerate case is actually much easier and, in view
of Theorem 5.13, is closely related to a general theorem of Mazorchuk and Stroppel
[MS, Theorem 4.6]. We will continue to work over the ground field C as above,
but note that the same argument works over an arbitrary commutative ground
ring R. Recall that a finite-dimensional algebra A is symmetric if it possesses a
symmetrizing form, i.e. a linear map 7 : A — C such that 7(ab) = 7(ba) for
all a,b € A and whose kernel contains no non-zero left or right ideal of A. The
following lemma is an easy exercise.

Lemma A.1. Let 7 : Cilzy,...,24]@CSy — C be the linear map sending the
monomial x7* ---xfw to 1 ifry = =rg=1—1and w =1, and to 0 other-
wise, for all r1,...,rq > 0 and w € Sy. Then T is a symmetrizing form, hence
Cilz1,...,24) @ CSy is a symmetric algebra.
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Now let t = (I — 1)?. Recall from Lemma 3.5 that Hy(A) is a filtered algebra
with filtration

CSy = Fo Hy(A) C Fy Hy(A) C -~ C Fy Hy(A) = Hy(A).

The associated graded algebra gr H;(A) is identified with the twisted tensor prod-
uct Cilz1,...,24)@CSy. For any 0 < s <t let

gry FS Hd(A) — Cl[l‘l, - ,l'd]®CSd
be the map sending an element to its degree s graded component.
Theorem A.2. Let 7 : Hy(A) — C be the linear map sending xi* -- -z w to 1 if

rm=--=rq=101—1andw =1, and to 0 otherwise, for all0 <ry,...,79 <l and
w € Sq. Then 7 is a symmetrizing form, hence Hy(A) is a symmetric algebra.

Proof. The key observation is that 7 = 7 o gr, where 7 is the symmetrizing form
from Lemma A.1. To prove that 7 is symmetric, observe that for 0 < s < ¢t and
any x € Fy Hy(A) and y € Fy_ s Hg(A),
T(xy) = 7(gry(zy)) = 7(grs () gr,—(y))
=7(gr, s (y) gro(z)) = 7(gr,(yz)) = 7(yz).
In particular, this shows that 7(zxw) = 7(wz) for all x € Hg(A) and w € Sy. It
just remains to show that 7(x;y) = 7(ya;) forany i = 1,...,d and y € Hy(A). We

are already done if y € F;_1 Hy(A), so we may assume that y = zll_l e xfi_lw for
some w € Sy. But then
Fagy) = 7wt 2l ) = Flwza ™2
= F(wal™t e a ey = A a  way) = Fy),
since z/71 ... xfi_l is central in H4(A). Now suppose that I is a left or right ideal of

H,(A) such that 7(I) = 0. Define a filtration on I by setting Fs I = INF, Hy(A).
Then grl is a left or right ideal in Cj[z1,...,24)® CSy such that 7(grI) = 0.
Hence grI =0, so I =0 too. (]
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