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Abstract: We extend the homological method of quantization of generalized Drinfeld—
Sokolov reductions to affine superalgebras. This leads, in particular, to a unified repre-
sentation theory of superconformal algebras.

0. Introduction

A series of papers on W-algebras written in the second half of the 1980’s and the early
1990’s (see [BS]) culminated in the work of Feigin and Frenkel [FF1, FF2] who showed
that to a simple finite-dimensional Lie algebra g one canonically associates a W -algebra
Wi (g) as a result of quantization of the classical Drinfeld—Sokolov reduction. Namely,
Wi (g) is realized as homology of a BRST complex involving the principal nilpotent
element of g (i.e., the nilpotent element the closure of whose orbit contains all other nil-
potent elements), the universal enveloping algebra of the affine Kac-Moody algebra g
associated to g, and the charged fermionic ghosts associated to the currents of a maximal
nilpotent subalgebra n of g.

This approach allows one not only to define the W-algebras, but also to construct a
functor H from the category of restricted g-modules of level k to the category of positive
energy modules over Wi (g). Namely, the Wy (g)-module corresponding to a g-module
M is the homology H (M) of the BRST complex associated to M. This functor was
applied in [FKW] to the admissible g-modules, classified in [KW1, KW2], in order to
compute the characters of Wi (g)-modules. (In the simplest case of g = s£, one recovers
thereby the minimal series modules over the Virasoro algebra = Wy (s¢3).)

It is straightforward to generalize this construction to the case when f is an even
nilpotent element, that is for the sé,-triple (e, x, f), such that [e, f] = x, [x,e] = e,
[x, f] = —f, all eigenvalues of ad x are integers (for general f they lie in %Z). One
just takes instead of n the subalgebra g, of g spanned by eigenspaces with positive
eigenvalues for ad x. Unfortunately, most nilpotent elements are not even, but often one
can replace x by x’ such that ad x’ has integer eigenvalues, so that the construction
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gives the same homology (see e.g. [BT]). However, it remained unclear how to make it
work for a general simple Lie algebra g and a general nilpotent element f. The situation
gets worse if one tries to go to the Lie superalgebra case since already the simplest Lie
superalgebra spo(2|1) has no good Z-gradations.

In the present paper we show how to resolve this problem. It turns out that one needs
only to add neutral fermionic ghosts associated to the currents of the eigenspace gy, of
ad x.

This is done in Sect. 2, where to each quadruple (g, x, f, k), where g is a simple
finite-dimensional Lie superalgebra with a fixed even invariant bilinear form (.|.), x is
an ad-diagonalizable element of g with eigenvalues in %Z, f is a nilpotent even element
of g such that [x, f] = — f, and k € C, we associate a BRST complex

(C(g, x, f, k) = Vi(g) ® F" ® F™, dp).

Here Vi (g) is the universal affine vertex algebra of level k associated to g, F°" is the
vertex algebra of free charged fermions based on g +g* with reversed parity, F"° is the
vertex algebra of free neutral fermions based on g, , with the form (a, b) = (f|la, b]),
and dy is an explicitly constructed odd derivation of the vertex algebra C(g, x, f, k)
whose square is 0 (see Sect. 2.1). The main object of our study is the 0™ homology
of this complex, which is a vertex algebra, denoted by W (g, x, f). In the case when
the pair (x, f) can be included in an s¢>-triple (e, x, f) (then x is determined by f
up to conjugation), we denote this vertex algebra by Wi (g, f). In this case the map
adf @ gi;» = 9_1,2 is an isomorphism, which suffices for the construction of the
energy-momentum field L(z) of Wi (g, x, f) (see Sect. 2.2); under the same assump-
tion, we construct fields J{*! in Wi (g, x, f) of conformal weight 1, corresponding to
each element v € g© 7, the centralizer of x and f (see Sect. 2.4).

As in [FF2, FKW], given a restricted g-module M of level k, hence a Vi (g)-module,
we extend it to a C(g, x, f, k)-module C(M) = M ® F" ® F", which gives rise to
a complex (C(M), dy) of C(g, x, f, k)-modules. Its homology H (M) is a Wi (g, x, f)-
module. In Sect. 3.1 we compute the Euler—Poincaré character of this module:

. . {h}
chuan(h) =Y (=1 triang" e,
jel

where / is an element of a Cartan subalgebra of g*/ and J!" is the corresponding field
of Wi (g, x, f). Furthermore, in Sect. 3.2 we find necessary and sufficient conditions on
the g-module M for the non-vanishing of chg (). The g-modules M satisfying these
conditions are called non-degenerate.

In Sect. 3.3 we recall the definition of admissible highest weight g-modules L(A) in
the Lie superalgebra case [KW4]. The characters of these modules in the Lie algebra case
were computed in [KW1]. Unfortunately we do not know how to prove an analogous
character formula even in its weaker form in the Lie superalgebra case. This character
formula is conjecture 3.1A (which is confirmed by many examples in [KW1, KW2,
KW4]). Conjecture 3.1B states that the Wi (g, x, f)-module H (M) is either zero or
irreducible, provided that (x, f) is a “good” pair and M is an admissible highest weight
‘g-module. Of course, these conjectures allow us to compute the characters of irreducible
Wi (g, x, f)-modules H (M) for non-degenerate admissible g-modules, using the results
of Sect. 3.1.

In Sect. 4 we study the vertex algebra Wi (g, f) in the case of a “minimal” nilpotent
even element f, namely when f is a root vector corresponding to an even highest root
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of g. These vertex algebras were considered from a quite different viewpoint in [FL], and
they include all well known superconformal algebras, like the N < 4 superconformal
algebras and the big N = 4 superconformal algebras.

__In Sect. 5 we show (following [FKW]) that indeed all non-degenerate admissible
s£7-modules produce all minimal series Virasoro modules via the functor M — H (M).
In Sect. 6 we show, in a similar fashion, that all non-degenerate admissible spo(2|1)-
modules (whose characters were computed in [KW 1] as well) produce all characters of
minimal series Neveu—Schwarz modules. Finally, in Sect. 7, using the conjectural char-
acter formulas for “boundary” admissible s£(2|1)-modules, we recover the characters
of all minimal series modules over the N = 2 superconformal algebra. Note that it was
already established by Khovanova [Kh] that the classical reduction of s€(2|1) produces
the N = 2 superconformal algebra.

Further examples and results are presented in [KW5], where, in particular, we give
a proof of a stronger form of the fundamental Conjecture 2.1 of the present paper. This
establishes, in particular, the claims that the fields, written down in Sects. 5, 6, and 7,
indeed strongly generate the respective W-algebras.

The results of this paper were reported at the ICM in Beijing [K5].

Throughout the paper all vector spaces, algebras and tensor products are considered
over the field of complex numbers C, unless otherwise stated. We denote by Z, Q and
R the rings of integers, rational and real numbers, respectively, and by Z the set of
non-negative integers.

1. An Overview of the Operator Product Expansion

In this section, we give a brief summary of some basic properties of the operator product
expansion (OPE) which will be used in this paper (for the details, see [K4 or W]).
Let A be a Lie superalgebra with a central element K and a Z-filtration by subspaces,

"'DA(())DA(DDA(Q)D"',

where | J; Ay = A, N A(j = 0and [Ag), A(j)] C A+ ). Throughout this paper,
we always write [ , ] for the Lie superbracket. For a given complex number k € C, we
denote by Ui (A) the quotient of the universal enveloping algebra of A by the ideal gener-
ated by K —k - 1, and by Uy (A)°°™ the completion of Uy (A), which consists of all series
Zj uj (uj € Ur(A)),such that foreach N € Z all but a finite number of the u ;’s lie in
Ui (A)A (). Then Uy (A)°°™ is an associative algebra containing Uy (A). Any A-module
M in which every element of M is annihilated by some Ay, can be uniquely extended
to a module over Ui (A)°™. Such a module over A is called a restricted A-module.
A Uy (A)°™-valued field is an expression of the form

a@ =) awz """,

nel

where a(,) € Ui (A)°™ satisfy the property that foreach N € Z, a,) € Ur(A)*°™ A
for n > 0, and all a(,) have the same parity, which will be denoted by p(a) € Z/2Z.
Note that for a restricted A-module M, the image of a field in End(M) gives rise to a
usual End(M)-valued field. It is easy to see that the derivative d;a(z) of a field a(z) is
also a field. The normal ordered product of two fields a(z) and b(z) is defined by

L a(2)b(z) = a(2)+b(z) + (=D)POPOp()a(z)_
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where a(2)+ = Y, a(,,)z_"_l and a(z)—- = Y -0 a(,,)z_"_l. For n € Z, the n™
product a(2) (m)b(z) (= (amb)(z)) of a(z) and b(z) is defined as follows. For a non-neg-
ative integer n,

a(z)(mb(z) = Resy(x — 2)"[a(x), b(2)],

and
el b(z) :
a(2)(n-1b() = #?(Z) .

The nt® products of fields a(z) and b(z) for n € Z are encoded in the A-bracket defined
by

A'n
bl = ) —awb,

nel.

which is in general a formal power series in A (with coefficients in Uy (A)°™). Here and
further on, we often drop the indeterminate z, e.g., we shall write da in place of d,a(z).

Proposition 1.1 ([K4]). The following properties hold for the \-bracket:

(sesquilinearity) [0a;b] = —Alayb], [ap0b] = (0 + A)[ayb];
(Jacobi identity) [ax[bycll = [[abliipc] + (=1)PDOPO b, [a;c]] ;
(noncommutative Wick formula) [a; : bc :] =: [a,b]c : —}—(—1)1’(“)1’“’) 2 blayc] :
+ fo llaxblucldp .

Recall that a pair (a(z), b(z)) of fields is called local if
(z — w)V[a(z), b(w)] =0, forN>>0.
Note that the A-bracket of two local fields is a polynomial in A.

Proposition 1.2 ([K4]). Let (a(z), b(z)) be a local pair of fields. Then
(a)

m
[am), b)) = Z <.>(a(j)b)(m+n—j)- (1.1)
jely /

(b) The A-bracket satisfies the properties:

(skewcommutativity) [a,b] = —(—=1)P@QP®O[p_, _oq]:
(right noncommutative Wick formula) [BK] [: ab :) c] =: (eaﬁa)[b;\c] :
H(=D)P@PO) (T p)[aye] -
+H(=)P@OP® [ b, (a;clldp
(¢) The normal order commutator of a(z) and b(z) is expressed via the A-bracket:
0

cab: —(=1)P@Or®) by — f [a;bldA . (1.2)
—0
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Note that formula (1.1) is nothing else but (the singular part of) the operator product
expansion (OPE) for the local pair (a(z), b(z)):

N 8is(z —
la(z), b(w)] = Z #a(u})mb(u)) ,

j=0

where §(z — w) = z 7! Znez(%)" is the formal §-function. Propositions 1.1 and 1.2
provide an efficient and convenient way of calculating the OPE of local pairs.

Of course, in the case of normal ordered products of any number of free fields, one
can use the usual Wick formula (see e.g. [K4]). Note that (1.1) immediately implies the
following corollary.

Corollary 1.1. If (a(z), b(2)) is a local pair with a(z) 0)b(z) = 0, then [a (), b(z)] = 0.

Given a collection V of pairwise local (U (A)°™-valued) fields, we may consider its
closure V = Vi (A, V) which is the minimal space of fields containing 1 and V), closed
under 9, and all ' products (n € Z ). By Dong’s lemma [K4], V consists of pairwise
local fields, hence Propositions 1.1 and 1.2 also apply to fields in V. Note that V is a
vertex algebra and any restricted A-module M extends uniquely to a V-module.

Example 1.1 (Energy-momentum field). Let Vir be the Virasoro algebra, i.e., the Lie
algebra with the basis L; (j € Z) and a central element C, with the commutation relations

(m® —m)C
12 '
We take the filtration Vir(j, = CC + ;. ; CL; for j < 0, Virgy = 3_,.; CL; for

j>0.LetL(z) =) ,.7 L,z"""2 (note that L, = L (n+1y)- This field is local with
itself, so that the commutation relations of L;’s are encoded by the A-bracket,

[Lin, Lyl =(m —n)Lyn + 8m,—n

e
[LyL] = (0 +2A)L + - (1.3)

Here ¢ € C is the eigenvalue of C.

A local field L(z) with the A-bracket (1.3) is called an energy-momentum field with
central charge c.

Fix an energy-momentum field L = L(z). Let a(z) be a field such that (L, a) is a
local pair. One says that the field a has conformal weight A € C (with respect to L) if
the following relation holds:

[Lyal =@+ AX)a +o(}) .

Note that in this case d,a(z) (= da) has conformal weight A+1. In the special case, when
[Lya]l = (0 + AA)a, one calls a a primary field. When a(z) is a field with conformal
weight A, it is convenient to change the indexation of the modes of a(z) :

a(z) = Z amz "' = Z anz "R @y = apiact) -
nel ne—A+Z

For example L(z) has the conformal weight 2, and we write L(z) = Y, .7 Lnz "2
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Proposition 1.3. Ler a(z), b(z) be fields of conformal weights A, and Ay respectively.
Then

(a) Aa(,l)b = Ay + Ap — n — 1; in particular, A.qp. = Dg + Dp.
(b) The commutator formula 1.1 takes the homogeneous form:

Ng+m—1
[am, by] = Z ( ;n )(a(j)b)m+n .

jel

Recall that a vector superspace is a vector space V decomposed into a direct sum of
vector spaces Vi and Vj (0, 1 € Z/2Z), called the even and odd part of V, respectively.
We write p(v) = « if v € V,,. Denoting by I' the endomorphism of V that acts as (—1)*
on V,, we may define the supertrace of a € EndV (provided that dimV < oo) by [K1]

strya = try(Fa) .

In particular, letting sdimV = stry Iy, we have sdimV = dimV — dimVj.

Recall that a vertex algebra is called strongly generated by a collection of fields F if
normally ordered products of fields from C[d]F span the space of fields of this vertex
algebra.

Example 1.2 (Neutral free superfermions). Let A = Ay & Aj be a ﬁnite-dimensional
superspace with anon-degenerate skew-supersymmetric bilinear form (., .),i.e., (A, A7)
= 0and (., .) is skewsymmetric (resp. symmetric ) on Ao (resp. A7). Let A be the Clzf
ford affinization of A, which is the Lie superalgebra A=A® C[t,1~ ']+ CK with the
commutation relations

[ar™, bt"] = (a, b)3m.—n_1K , [K,A]=0.

We take the filtration X(j) =CK+),; At for j <0, A(J) =D s; At' for j > 0,

and let k = 1. For ® € A, let ®(2) = ), 7,(Pt")z™"~ 1 Then {®(2)}pea, called
a collection of neutral free superfermions, which consists of pairwise local fields with
A-bracket,

[O)¥] = (D, W), P, VeA.
Let {®;} and {®'} be a pair of dual bases of 4, i.e., (®;, &/) = 8;, j» and define

1 ,
=3 Z S (0DHD; ;. (1.4)

Then L is an energy-momentum field with central charge ¢ = —%sdim A. Further-
more, the neutral free superfermions ®(z) are all primary (with respect to this L) of
conformal weight % The vertex algebra F(A) strongly generated by these superferm-
ions, with the above energy-momentum field L, is called the vertex algebra of neutral
Jfree superfermions. Via the state-field correspondence, F'(A) is identified with the space
U, (A)/Ul (A)A(o), and all fields of F'(A) act on this space from the left.

Example 1.3 (Charged free superfermions). Let A, be a finite-dimensional superspace
with a non-degenerate skew-supersymmetric bilinear form (. , .), and suppose that
Ach = A4 @ A_, where both A are isotropic subspaces of Ac,. We have the Clifford
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affinization Xch with the filtration (Xch)(j) (j € Z), k = 1, and the fields ¢(2), ¢*(2)
forp € A4, * € A_, as in Example 1.2. We define the charges of the fields by

charge ¢(z) = —charge ¢*(z) = 1. (1.5)

Let {g;} (resp. {¢]}) be a basis of A, (resp. A_) such that {¢;, goj.‘) = §;,j. The set of

pairwise local fields {¢; (z)} U {9} (z)} is called a collection of chdrged free superferm-
ions. In this case, we can define a family of energy-momentum fields parametrized by
m = (m;);,m; € C:

L™ == "mi:gfdgi:+ Y (1—m): (0¢])gi : .
i i

The central charge of L"(z) is equal to

> =DPA2mE — 12m; +2) .
i

Furthermore, the fields ¢ (z) and ; (z) are primary (with respect to L'ﬁ) of conformal
weights m; and 1 — m; respectively. The vertex algebra F (Acn) with one of the energy-
momentum fields L™ is called the vertex algebra of charged free superfermions. The
relations 1.5 give rise to the charge decomposition of F(Acp):

F(Aa) = @D Fu(Ach) . (1.6)
mel,

Example 1.4 (Currents and the Sugawara construction). Let g be a simple finite-dimen-
sional Lie superalgebra with an even non-degenerate supersymmetric invariant bilinear
form (.|.). Let g be the Kac-Moody affinization of g,i.e., g = g® C[t,1~']® CK ® CD
with the commutation relations:

lat™, bt"] = [a, b1t " + m8py. _n(alp)K , [D,at™] = mat™, [K,§l=0.

The filtration in this situation is defined as in Example 1.2, and we fix k € C.
For an element a € g, one associates the current field a(z) = Znez(az‘")z_”_1 . The
collection {a(z)}aeg consists of pairwise local fields with the following A-bracket:

[a,b] = [a,b] + A(alb)k, a,beg.

The vertex algebra Vj(g) strongly generated by the current fields a(z) is called the
universal affine vertex algebra. Via the state-field correspondence, Vi (g) is identified
with the space Uy (@)/ Uk (§)8 o) and all fields of Vi (g) act on this space from the left.

Let {a;} and {a'} be a pair of dual bases of g: (a;|a’) = §; ;. Then @ = Y, (—1)P(@)
a;a’ is the Casimir operator of g, and it lies in the center of U(g). One-half of the
eigenvalue of €2 in the adjoint representation, denoted by kY, is called the dual Coxeter
number of g (it depends on the normalization of (.|.)).

Recall the following relation between the Killing form and the form (.|.) [KW3]:

strg(ad a)(ad b) = 2hY(alb), a,beg. (1.7)

(Since the LHS is the Killing form, it is equal to y (a|b) for some y. Hence strg€2 =
y sdim g. Since Q2 = 2thg, we conclude that y = 2hY, provided that sdimg # 0.
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Hence (1.7) holds for all exceptional Lie superalgebras and also for all the series s€(m|n),
etc., apart from the values (m, n) onahyperplane. Hence (1.7) holds for all values (m, n).)
Assuming k + 7Y # 0, we introduce the so-called Sugawara construction:

1 a; i .
L@ =365 Z(—l)ﬂ D ai(2)d ()

This is an energy momentum field with the central charge

_ k sdimg

k)= ———.
c(k) TR

(1.8)

All currents are primary with respect to L of conformal weight 1. We shall also use the
following well known modification of the Sugawara construction. For a given a € g3,
let

LD =L +da .

This is again an energy momentum field, and its central charge becomes
ctk,a) = c(k) — 12k(ala) . (1.9)
With respect to L9, the currents are not primary anymore:
[L@;b] = 0b+ A(b — [a, b]) — Ak(a|b) . (1.10)
However, one has
(L9501 = 0+ (1 —m)A)b, ifla,bl=mb, m#0, (1.11)

since in this case (a|b) = 0.

2. The Quantum Reduction

2.1. The complex C(g, x, f, k) and the associated vertex algebra Wi (g, x, f). Here we
describe a general construction of a vertex algebra via a differential complex, associated
to a simple finite-dimensional Lie superalgebra and some additional data, by a quantum
reduction procedure, generalizing that of [FF1, FF2, FKW, BT].

Let g be a simple finite-dimensional Lie superalgebra with a non-degenerate even
supersymmetric invariant bilinear form (.|.). Fix a pair x and f of even elements of g
satisfying the following properties:

(A1) adx is diagonalizable with half-integer eigenvalues, i.e., we have the following
eigenspace decomposition with respect to ad x:

0=®;170; 2.1)

(A2) feg_y,ie,[x, fl=—F.
It follows that f is a nilpotent element of g. We shall also assume
(A3) adf: g 191 is a vector space isomorphism.
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The element f defines a skew-supersymmetric even bilinear form on g 1 by the formula:

(a,b) = (flla, b)) . 2.2)

It follows from (A3) that this form is non-degenerate, since (a, b) = ([ f, a]|b) and
(.].) gives a non-degenerate pairing between g_ 1 and g 1 Denote by Ape the vector

superspace g1 with the non-degenerate skew-supersymmetric bilinear form (- , -).
2
Furthermore, let

0. =Dy .0 =Dy, (2.3)

j>0 j<0
and let
A=I—|g+sA*=|_|gj—7ACh:A®A*s

where M stands for the reversing the parity of a vector superspace. Let (-, -) be the
skew-supersymmetric bilinear form on A, defined by

(A, A) = (A*, A*) =0, (a,b*) =b"(a) forac A, b* € A*.
Define gradations of A, A* by (2.3):

A=Pa;. Ar=pa;.

j>0 j>0

Finally, fix a complex number k such that k + " # 0, where h’ is the dual Coxeter
number of g.

We shall associate to the data (g, x, f, k) adifferential vertex algebra (C(g, x, f, k), do)
(by this we mean that C is a vertex algebra and dy is an odd derivation of all n™ products
of C, such that @} = 0).

Let g, Zne and Xch be the Kac—-Moody and Clifford affinizations corresponding
to g, Ane and Agp respectively (see Examples 1.4, 1.2 and 1.3). Let Uy = Ui(9) ®
Uy (Ach) ®U1(Ape), and let U™ be the completion of Uy as defined in Sect. 1. Con-
sider the corresponding vertex algebras Vi(g), F(Ach) and F(Aye), generated by the
currents (based on g), charged free super fermions (based on Ac), and neutral free super
fermions ( based on Aj) respectively. Consider the vertex algebras

F(g7x7f):F(ACh)®F(AnC)1 C(gvx’f’k): Vk(g)®F(g7xvf)

By letting charge(Vi(g)) = charge(F (Ape)) = 0, and using 1.6, one has the induced
charge decompositions of F(g, x, f) and C(g, x, f, k):

F(gsxsf)z@FM1 C(gv-xvfsk)=®cm'
meZ, meZ,

Next, we define a differential on C(g, x, f, k), which makes it a homology com-
plex. For this purpose, choose a basis {u;};cs’ of g1, and extend it to a basis {u;};cs of
g, compatible with the gradation (2.3). Furthermore, extend the latter basis to a basis
{ui};c5 of g, compatible with this gradation, and define the structure constants cfj by:
(wi,ujl=>, cfjug. Denote by {u'};cs the dual basis of g1 with respect to the form

2

(, ), i.e., (ui, u-’) = Sij-
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Denote by {g;}ies, {¢] }ics the corresponding bases of A and A*, and by {®;};cy
the corresponding basis of Ape. The fields ¢; (z), ¢f(z) (i € §) and ®;(z) (i € ') are
called ghosts. Introduce the following field of the vertex algebra C(g, x, f, k):

d@z) =Y (~D"“Vui() ® ¢ () ® 1
ieS
1 .
=5 D (DM © @) (9] (@) @ 1
i,j,es
+Y ) @pF@ @1+ > 18 ¢f (@) ® Pi(2) .
ies ies’
For simplicity of notation, we shall omit the tensor sign ® in the expression of fields.
Note that in the second term of the expression of d(z), one has
0@ (ei(2) = er(D)ef @)« if ¢f; #0,

hence d(z) is a vertex algebra field. Also, it is easy to see that d(z) is an odd field
independent of the choice of the basis. By the right non-commutative Wick formula one
has the following A-brackets of d(z) and the currents u;(z) (j € S’), and the ghosts
9j(2),¢7@) (j € $)and ®;(2) (j € §):

[dyuj] =Y (=)PUDTPEOPED Lo 4+ @+ Mk Y (ujluy) g} :

i€S ieS

LeS
[drpjl =uj+ (flup) + Y (=P 008 + ) (=1)PUDs; @, ;

ileS ieS
1 . N
[dp]) = =5 3 (=D gigr;
i,seS

[, @1 =Y (fllui. u;De} . [d '] = ¢} . (2.4)

ieS

Theorem 2.1. One has: [d(z)»d(z)] = 0.
Proof. We express the field d(z) as
dz) =d@)" +d@"D +d)") |, d@)" =d@)"P +d)"7,

where

_ —1 _
ah = Z(_l)p(ul)ui(pi* . dUD = - Z (—1)”(“1)”<””c§j<pg<p;*goj ,

ieS i,j,leS
dD =N (fludg; d" =", .
ieS ieS
Then

[d)‘,d] — [d;tdst] + [d}(‘II)d(III)] + [d)‘(’lll)d(ll)] + [d(ll))“ d(IV)] + [d(IV)A d(l[)]
+d"Y.a"].
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It is well known that [d}'d®'] = 0, which follows from [dYD; dYD] = 0 by the Jacobi
identity. In the expression of d/ 1), one has £ ¢ S’ whenever cfj # 0, hence [@e @] =0
for k € S’. This implies [dUD, dIV)] = [dIV);, dID] = 0. Hence

(dyd] = (@7, d110) 4 11D, dID) 4 (a1, a V).

Note that p(u¢) = p(u;) + p(u;) whenever cfj # 0. We have

(@7 d" 1= Y lgf 005 @ 1= Y (=DPEIPEIIDoEGE (£, uj])

i,jes’ i,jes
= D CDPUPEITI(fluogl ] ;
i,jeS’' LeS
(@10, d"0) = — 3 (=P (fluolpeg] ], 9]
i, j.Les
— __1 Z (_I)P(ui)(P(ui)+P(uj))cfj(flue)(p;k(p;f
2 i,jleS
=T Y GO (flugg;
2 i,jeS' LeS

(since i, j € S"if (f|[ui, u;]) #0).
Therefore [d/1); dU1D] = [aU1D; aUD) = ZLd V), dV)], hence [dyd] = 0. O

Let dy = Res;d(z). Note that dy is an odd element of U™, and that [dy, C;n] C
Cmn—1. Theorem 2.1 implies that [d(z), d(w)] = 0, hence [dp, do] = 2dg = 0. Thus
(C(g, x, f, k), do) is a homology complex. We denote the 0" homology of this complex
by Wi (g, x, f). Since Cy is a vertex subalgebra of C(g, x, f, k), and since d is a deri-
vation of all of its n® products, we conclude that Wi (g, x, f) is a vertex algebra. This
vertex algebra is called the quantum reduction for the quadruple (g, x, f, k).

The most interesting pair x, f satisfying properties (A1), (A2), (A3) comes from an
sly-triple {e, x, f}, where [x,e] = e, [x, f] = —f, [e, f] = x. The validity of these
properties is immediate by the s¢;-representation theory. Since a nilpotent even element
f determines uniquely (up to conjugation) the element x of an s¢>-triple (by a theorem
of Dynkin), we shall use in this case the notation Wi (g, f) for the quantum reduction.

The vertex algebra Wi (g, f) is a generalization of the quantum Drinfeld—Sokolov
reduction, studied in [FF1, FF2, FKW] and many other papers, when g is a simple Lie
algebra and f is the principal nilpotent element. The case studied in [B] is when g = sl3
and f is a non-principal nilpotent element. Our construction is a development of the
generalizations proposed in [FKW] and in [BT].

Remark 2.1. (a) The assumption (A3) is not used in the proof of Theorem 2.1. However,
this condition is essential for the construction of the energy-momentum field L(z)
in Sect. 2.2.

(b) One can take for x a diagonalizable derivation of g.

(c) Let n be an adx-invariant subalgebra of g . The above construction when applied to
nin place of g, produces acomplex (C(g, n, x, f, k), dn). The corresponding vertex
algebra Wi (g, n, x, f) is naturally a subalgebra of Wi (g, x, f).
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2.2. The energy-momentum field of Wi (g, x, f). Denote by L9(z) the Sugawara energy
momentum field of g (see Example 1.4), by L™ the energy momentum field for F'(Ape)
(see Example 1.2), and by L°! the energy momentum field L™ for F(A¢p) (see Example
1.3) with m;’s defined by
[x, uil = mju; .

Let

L(@) = L9(2) + 8:x(2) + L (@) + L™ (2) - 2.5)
The discussion in Sect. 1 immediately implies the following result.

Theorem 2.2. (a) The field L(z) is the energy-momentum field for the vertex algebra
C(g, x, f, k), and its central charge equals to

k sdi
(g, x, f,k) = k:-]hmvg — 12k — SO (= 1P (12mF — 12m; +2)
ieS
I .
—zsdlm g1 (2.6)

(b) With respect to L(z), the fields ¢;(z), (pi* (z) (i € S), are primary of conformal
weights 1 — m;, m; respectively, and the fields ®;(z) (i € S'), are primary of con-
formal weight % The fields u(z) for u € g; have conformal weight 1 — j, and are
primary unless j = 0 and (x|lu) #0. O

Remark 2.2. In the same way as in [FKW], formula (2.6) can be rewritten as follows
(see also [BT]):

_
(k+h)12

The next theorem says that the field L(z) defined by (2.5) is the energy-momentum field
for the vertex algebra W (g, x, f).

1
c(g, x, f, k) = sdim go — = sdim g > — 12| —x(k+ )22,

Theorem 2.3. We have [dy, L(z)] = 0.

Proof. We compute the A-bracket [L)d]. Using Theorem 2.2 (b) and the Wick formula
(the “non-commutative” terms vanish everywhere) , we have ( recall that u; € g ):

[La(uipi)] = d(uig]) + ruip;
(L@ o] = (e @) + (mi +mj)re] ¢},
[Li(pepi 0] = 3(0e@i 0)) + (1 —mg +mi +mj)rpep; o]

1
[L;.(¢f )] = 3(p] Pi) + (5 + mi) LoD,
therefore

1
[L:d] = (a+x)d+x<2(ml—1)<f|u><ol+Z ——gold>>.

2
ieS ieS

Since (f|u;) = Ounlessm; = 1,andm; = %ifi € §’,wehave[L;d] = (0+X)d.Hence,
by skew-commutativity, [d) L] = Ad, and therefore, by Corollary 1.1, [dy, L(z)] = 0.
O
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2.3. The quasiclassical limit. Here we briefly discuss the standard construction of the
quasiclassical limit for the complex C(g, x, f, k).
Denote by Ap, the space of the Lie superalgebra A with the new bracket.

la, bl = hla,b], a,beA.

Then Uy (Ap) is the quotient of the tensor algebra over the vector space A by the ideal
generated by the elements (K — k) anda ® b — (—1)?@DPO b @ a — hla, bl(a, b € A).
Hence the limit of Uy (Ap) as A — 0 is Sx(A), the symmetric superalgebra over A
quotiented by the ideal (K — k), with the Poisson bracket:

1
fu, v} = Jim S, vl v € SK(A) |

In the same way as in Sect. 1, we construct the Poisson superalgebra S; (A)°™ D Sk (A).
Asin Sect. 1, we consider Si (A)°™-valued fields, and define their n'™ product forn €

Z.,by a(z)(nb(z) = Resy(x —z)"{a(x), b(z)}, and let {a) b} = Zn€Z+ ’r\l—';a(n)b. Since
the product in S (A)°°™ is (super)commutative, the normal ordered product becomes
the usual product. Then Proposition 1.1 holds for {a; b}, except that “non-commutative”

Wick product formula turns into the Leibniz rule:
{abe) = {ablc + (—1DHP@POpq, ) .

Proposition 1.2 (a) and (b) hold as well, while (c¢) turns into the supercommutativity
of the product. The vertex algebra of free superfermions of Examples 1.1 and 1.2 in
the quasiclassical limit turns into the Poisson vertex algebra generated by the fields
{a(z)}aeca With the A-bracket

{a, b} = {(a, b)1.

All formulas of Example 1.2-1.4 hold in the limit, except that the Virasoro central charge
becomes 0 for Examples 1.2, 1.3 and in the formula (1.8) in Example 1.4, hence (1.9)
becomes —12k(ala). Thus, the central charge of L(z) in the limit becomes —12k(x|x)
(cf (2.6)).

In the quasiclassical limit, our quantum reduction turns into the Poisson structure of a
generalized Drinfeld-Sokolov reduction for the same superalgebra g and its subalgebra
g, . Namely, the complex C(g, x, f, k) turns into the tensor product of the corresponding
Poisson vertex algebras, and the differential d is given by the same formula, (except that
the commutator with d is replaced by the Poisson bracket with d). Finally, the energy-
momentum field is given by the same formula, but the central charge is —12k(x|x).

2.4. The basic conjecture on the structure of Wi (g, x, f). Let g/ be the centralizer of
f in g. The gradation (2.1) induces a %Z-gradation

gf = @gf . 2.7)
j

For a good description of the vertex algebra Wi (g, x, f) the following additional
condition is apparently necessary:

(A4) The operatorad f maps g; to g;_; injectively for j > 1 and surjectively for j < 0.
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By the representation theory of s¢, this condition holds if the pair x, f can be
embedded in an s¢,-triple (but there are many more examples).

We shall call a pair (x, f) satisfying conditions (A1)-(A4) to be a good pair, and
the one coming from an s€,-triple a Dynkin pair. The corresponding %Z-gradations are
called good and Dynkin gradations, respectively. Note that these gradations uniquely
determine x (by definition) and also determine f up to conjugation by Go = exp(g 5)
(preserving the gradation), since [g, 5, /1 = g_  and therefore f lies in the open orbit
of G().

Conjecture 2.1. Suppose that conditions (A1)—-(A4) hold. Then foreacha € g{ j (G =0

there exists a field F,(z) of the vertex algebra C(g, x, f, k), such that the following prop-
erties hold:

(1) [do, Fa(2)] =0,
(ii) F,(z) has conformal weight 1 4 j with respect to L(z),
(iii) F,(z) —a(z) is alinear combination of normally ordered products of the fields b(z),
where b € g; with s > — j, the ghosts ¢; (2), ¢;(z), ®;(z), and their derivatives.
Furthermore, the images of the fields F, (z) in Wi(g, x, f), where {q;} is a

basis of g/ compatible with the gradation (2.7), strongly generate the vertex algebra
Wi(g, x, f).

This conjecture (even a stronger version of it) is proved in [KWS5] by making use of
some homological algebra for Lie conformal algebras.
Given v € g, introduce the fields (we assume here condition (A3)):

vP(@) == Y (=DPPei;(v) 1 9i (D)9} (2)
i,jesS

1 .
V@) = =5 Y (DM 0) @i @) 1,
i,jes’

where the ¢;; (v) are defined by [v, u;] = D c¢ij(v)u; and , as before, (P;, ®Jy = 8ij.
Note that v"°(z) = O unless v € g, and that all pairs of distinct fields from {v, veh, v}
have zero A-brackets. Let

M@ =@ + M@ + 0@, TV (@) = v@ + '@
The calculations with v*! and v™® will use the following lemma.

Lemma 2.1.(a) Let v € go. Then
[WMe] = (=DPD D " ci(W)gi .
ieS
[vchMo;ck] _ _(_I)P(U)P(wk*) ch/(v)gof )
jes
(b) Let v € gg. Then
[V @x] = (=P Y " e () D; .

ieS
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Proof. The proof of (a) is straightforward, using the Wick formula and the observation
that

pui) + pluj) = p(v)if ¢;j(v) #0. (2.8)

For the proof of (b) we choose a basis {u'};cs of gy 5 such that (u;, wly = d;j (recall that
the skew-supersymmetric bilinear form (., .) on g; ,, defined by (2.2) is nondegenerate).
Then we have:

cij(v) = (v, u;l.u’). 2.9)
Furthermore, by the Jacobi identity, we have fora, b € gy, and v € g(f).:

([v,al, b) = (=D)“?PN[v, b], a). (2.10)
The proof of (b) is straightforward, using the Wick formula and (2.8), (2.9), (2.10). O
Let h/ be a maximal ad-diagonalizable subalgebra of g(]; and let fh be a Cartan

subalgebra of g, containing f)f (it contains x). We can choose a basis {ey}yes of g !

consisting of root vectors, and extend it to a basis {ey}secs Of g, consisting of root
vectors. Thus we may think of S” and S as subsets of the set of roots A C h* of g.

Lemma 2.1(a) implies that (") 041 = a(h)@y, and [hChsz] = —a(h)p} forh e b
and a € S, hence

[ "gal = a(ge . [1"M305] = —a(h)gyifheh, a €. 2.11)
Likewise, Lemma 2.1(b) implies that [A"¢, ®,] = a(h)D, if h € b7, hence
I, gl =ah) Py ifheh!, aes. (2.12)
Part (a) of the following theorem confirms Conjecture 2.1 in the case j = 0.

Theorem 2.4.(a) If v € gg, then [dy, JW = 0, hence the image of each J™ (v € gg)
is a field of the vertex algebra Wi (g, x, f).

(b) [LaJ ™=@+ (1= NI +8;01°(5 strg, (adv) — (k + hY)(v]x)) if v € g},
and the same formula holds for J} if v e 90

(c)
[0 000 = VD k(') + strg, (adv) (adv')
—%strg% (adv)(adv)) if v,V € gg,
[0 = 7D 4 50800 (k(v[v) + strg, (adv)(adv'))
ifveg,veg;andij>0.
Proof. Let v € gy. Due to (2.8) and (gglg) = 0, we obtain from (2.4):
[dyv] == ) (=DP“De;jIuip}. (2.13)
i,jes

Next, assuming that ¢;; (v) # 0, we compute [d), : ¢; (p;f :]. Our assumption implies that
the elements u; and u ; have the same degree in the gradation (2.3), hence the degree of
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their commutator is larger. This implies that the integral term in the non-commutative
Wick formula vanishes, i.e., [dy : (p,-go;f ] =: [d,\goi]fp;‘ D (=DP@) g [d,upj] 3
Therefore, by (2.4) we obtain:

5
[0 =) [dpv™],

r=1
where
(v == Y (=DPPci; () uig -,
i,jesS
(v = D i@ (flungs =Y (v, uiDe},
i,jes jes
(v = ) (=D )eh  pegie) -
i,jt.keS
1 ) i
[0l =5 D (DPU ey ), pigie;
i,j.k,eS
[dvMs = ) cij(v) : Dig ;.
i,jes
It follows from (2.13) that
[dyv] + [dyv™]1 =0, (2.14)
and that
[ vy = Y (Lf. vlluj)el (=0if v € gf). (2.15)
jes

Furthermore, by relabeling the indices, one can write:

[y =~ ) (~DPUITPEOre; el gigigp
i,j.k,teS
hence
1 . .
o] =3 D D (e — (DI O, ) s i
i,j.k,tes
Therefore

1 N
[0y + [ v™a = 5 Y (—)PUOTPEPEDAG, k) < pigigy
i,t,keS
where A(i, £, k) = Z].ES((_1)P(ltk)l7(ue)cﬂ(v)c;k — cjk(v)c;( + cij (U)C]{e). From the
Jacobi identity: [v, [ug, uell = [[v, ugl, uel + (—l)p(“)l’<”’<)[uk, [v, u¢]], one has

0= (cij)c], — cix)ch, + (=HPUOPEO eyl yup = Al £, ku;
i,jes ieS
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which implies A(i, ¢, k) = 0 for all i, £, k. Thus we obtain
[dy v )3 + [dhv™y = 0. (2.16)
Next, we compute [dyv"®] for v € g(f For that recall the skew-supersymmetric
bilinear form (., .) on gy », given by (2.2), and formulas (2.9) and (2.10).
Using (2.4) and (2.9), we obtain:

[dyv™] = [dpv™ 11 + [dyv™]2,

where
1
[dv™]) = 2 Z cij (V) (ui, up) g ®@; ,
i,j.keS'
1
0" = =5 Y cij)big]. 2.17)
i,jes
‘We have:

1 .
[dv™]; = 3 Z(—l)p(”-f)(p(”k)Jrl)Cij(U)(Mi, Mk>(pj¢;: .
i,j,k

Using that O/ = Zres/(u-/, u")®, and that p(u;) = p(ux) if (u;, ug) # 0, we obtain:

1 Npus -
[0l = =5 D (=DPEIP D e ) g, we) ()@
i,j.k,r

Using (2.9) and (2.10), we obtain: (—I)P(“f)p(”i)cij(v) = ([v, u'], u ), hence:

1 ; . 1
(o™l = =2 3 (v, D i, wdu'], Y ulyujy@rgi = =2 3 e () Prg
k,r i j k.r

i J
and, by (2.17), we obtain:
[dv™] =~ " cij)Dig}.
i,jes’

Thus, we see that for v € gg one has

[d5, v s + [dyv™] = 0. (2.18)

Comparing (2.14), (2.15), (2.16) and (2.18) gives (a).
By (1.10), one has

[L;v] = (@ + A)v — Alx, v] — A2k(x|v),

and by Theorem 2.2(b) and the noncommutative Wick formula the following relations
hold:

[Ly: i} 1= @+ 1 —mi+mjh) @i} + (3 —mi) 837,
[Ly: ®;d/ :]1=(@+21): ;07 : .
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Hence:

[Lav™] = @+ jv™ + 8,27 (strg, @dv) = 3 (=P “micis(v))
ieS
[L3v"™] = 8j,(d + A)v™.

As Zies(—l)p(“i)micu(v) = hY (x|v) by (1.7), (b) follows.
The proof of (c) is similar. It uses only the usual Wick formula. We omit the details.
i

2.5. Construction of the Wi (g, x, f)-modules. Let M be a restricted g-module of level
k (i.e. K = k Ijy). It extends to the Vi (g)-module, and then to the C(g, x, f, k)-module

cM) =M Q) F(g.x. f).

One has the charge decomposition of C(M) induced by that of F (g, x, f) by setting the
charge of M to be zero:

C(M) = EB C(M)yy, .
meZ,
Furthermore, (C(M), dp) form a C(g, x, f, k)-module complex, hence its homology,
H(M) = @jeZ H;(M), is a direct sum of Wi (g, x, f)-modules. We thus get a functor,

which we denote by H, from the category of restricted g-modules to the category of
Z-graded W (g, x, f)-modules, that send M to H(M).

Remark 2.3. Let |0) be the vacuum vector of the vertex algebra F (g, x, f)andletv € M
be such that (g ") (v) = 0 for all m > 0. Then

do(v ®(0)) =0.

In particular if M is a highest weight g-module with highest weight A of level k # —h",
and v, is the highest weight vector, then dyp(va ® |0)) = 0. So, if the vector vy & |0) is
not in the image of dy, its image in Hy(M ), which we denote by v, generates a non-zero
Wi (g, x, f)-submodule. Its central charge is given by formula (2.6). The eigenvalue of
Lo on v, is equal to (cf. Sect. 3.1):

(A|A +2p)

TEw i (x + DIA). (2.19)

The eigenvalue of Jéh} (h e f)f) on vy is equal to A(h).

3. Character Formulas

3.1. The Euler-Poincaré character of H(M). Let g be one of the basic simple finite-
dimensional Lie superalgebras. Recall that, apart from the five exceptional Lie algebras,
they are as follows: s€(m|n) /8, n CI,0sp(m|n), D(2, 1; a), F(4) and G(3) [K1]. Recall
that g carries a unique (up to a constant factor) non-degenerate invariant bilinear form
[K1], and it is automatically even supersymmetric. We choose one of them, and denote

it by (.].).
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Given h € b/, define, as before, the fields 2" (z) and A™(z). They are given by the
following slightly simpler formulas:

WMz == ah) : 9 (Dea(@) :

aesS

1
@) = =5 3 ) @) Pa@) -

aeS’

Since these fields are of conformal weight 1, we write: hh(z) = Zn 7 hghz_”_l, and
h"(z) = 3", .z hz "~ Likewise, we write J"(z) =", 7 Tzt
Leth = h 4+ CK + CD be the Cartan subalgebra of the affine Lie superalgebra g.

As usual, we extend a root @ € A to h by letting «(K) = a(D) = 0. We extend the
bilinear form (.|.) from h (on which it is non-degenerate) to h by letting:

(h|CK + CD) =0, (K|K)=(D|D)=0, (K|D)=1.

We shall identify E with E* via this form. The bilinear form (.|.) extends further to the
whole g by letting (1" alt"b) = 8. —n(alb). Let Q be the Casimir operator for g and
this bilinear form. Recall that its eigenvalue for a g-module with the highest weight A
is equal to (A|A + 2p) [K3]. Denote by A C E* = b the set of roots of g with respect
to b.

Recall that A = A™ U AI™ where

A ={a+nK|aehA neZ}, A™={nK|neZ\{0}}

are the sets of real and imaginary roots respectively. Choosing a set of positive roots
Aoy of the set of roots Ag = {a € A | (¢|x) = 0}, we get a set of positive roots
Ay ={o € A (x]x) > 0} U Apy of g and the set of positive roots

Ay =04 | Jlo+nK Jae aU0}, n >0}

of g. We shall denote by Zeven and Zodd, 2+even and £+odd, etc. the sets of even and
odd roots respectively. R
Introduce the following subsets of A (where n € Z):

§={a+nK|aeS,nzO}U{—a+nK|aeS,n>0},
S ={-a+nK|aeS 6 n>0}.

As usual, we write L(z) = Y, .7z L,z7" %, L8) = ¥,7 L9772 etc. (see
Sect. 2.2). Recall that we have [K3]:

o~

g Q
L{=———-D
2(k +hY)

for any highest weight g-module M of level k, k # —h".
We shall coordinatize h by letting

(t,z,u) =2mwi(z —tD 4+ uk),
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where z € h, t,u € C. We shall assume that Im 7 > 0 in order to guarantee the
convergence of characters, and set ¢ = ¢**'*. Define the character of a g-module M
by chyy := try €27 G=TD+4K) Eor any highest weight g-module M of level k % —hY
the series chy converges to an analytic function in the interior of the domain Y. :=
{h € h| (a|h) > Oforalla € A,}; moreover, the domain of convergence Y (M) is
a convex domain contained in the upper half space Y = {h € h | Re(h|K) > 0} =
{(t, z,u) | Imt > 0} ([K3], Lemma 10.6).

Lemma 3.1. For a regular element b € h (i.e., a(b) # O foralla € A), h € f)f and

any sufficiently small € € C\ {0}, one has the following formula for the Euler-Poincaré
character of F(g, x, f):

Z (—Dtrp, (g L+l LY 2 (R,
jel

- ]‘[ (1 —s(@)e )@ (¢, 7(eb — x) + h,0), (3.1)
ae§\§’

where s(a) := (—1)P@ « € A.

Proof. Since the fields ¢ and g, (resp. @) are primary with respect to L? (resp. L")
of conformal weights («|x) and 1 — (x|x) (resp. %), we have:

(LS, @aemy] = (1 — (@]X)Pa(-n) »
[LE". k] = — 1+ @)k, .

1
(LGS, Pa—nm)] = <n — 5) Dy (—n) -

Using this, we get:

i dl i s(a)
Z(—l)]trF(A)quoh = 1_[ 1_[ (1 - S(a)q(nK—a|D+x)) ,

jel aeSn=I
o
Z(—l)jtrF(A*),qLﬁh _ l—[ l—[ (1 _ S(a)q((n—l)K+a|D+x)>s(a) ’
jel aeSn=1
ne s —s(a)
rraeg 0 = 1_[ ]_[ (1 —S(oz)q(”K*“'D”)) :
aeS n=1

Using these formulas along with (2.11) and (2.12), we get for i € h:

o0
. o e . s(a)
Z(—l)'/tl‘p(A)quohezmjo _ H l—[ (1 _ s(a)eZJn(—nK+ot|—r(D+x)+h)) ’

jel aeS n=1

oo
Z(_1)jth(A*>jqL?’heh”‘gm = H 1_[ (1 — s(a)eZni(*(n*I)Kfalfr(D+x)+h)>S(a) ’
jel aeSn=1
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and for i € b7

[o/0]
trF(Ane)ngeeszg“ _ l—[ l—[ (1 _s(a)eZHi(—nK+ot|—r(D+x)+h)) s(@) .

aeS n=1
The lemma follows immediately from the last three identities. O

Note that the right-hand side of (3.1) defines a meromorphic function on Y with
simple poles on the hyperplanes Ty, := {h € hla(h) =0}, o € AL,

Let M be a highest weight g-module of level k # —h". We shall assume that its
character chys extends to a meromorphic function in the whole upper half space Y with
at most simple poles at the hyperplanes T,, where o € AT . (We conjecture that this
is always the case.)

Let H(M) be the Wi (g, x, f)-module defined in Sect. 2.5. Define the Euler-Poincaré

character of H(M):

. . {h}
chon(h) = Y (=D try;ang"0e™™ o,
jel

where i € [jf (see Theorem 2.4). We have the following formula for this character:

QM
chy(ary(h) = g2+ lim <chM ]_[ a —s(a)e_“)s(“))(r, T(eb—x)+h,0).
€—> N
aeS\S
(3.2)
Indeed, by the Euler-Poincaré principle we have
chyny(h)
. c i)
— 1 it Lo+e(b+biM 2miJy
Jim Z( )yt (g e
jel
g L Sy —Deteb—x 2nih N LS rebth L i (hie+heh)
= g2+ >11rr(1) tryrg e Z( 1) tre; g0 070 e (USRS I
€e—

jel

Now (3.2) follows from Lemma 3.1.
Introduce the Weyl denominator

ﬁ: 1_[ (1 _ S(a)e—(x)s(oz)multa .
aely
Rewriting the RHS of (3.2) using R, we arrive at the following result.

Theorem 3.1. Let M be the highest weight g-module with the highest weight A of level
k # —hY, and suppose that chy extends to a meromorphic function on Y with at most
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simple poles at the hyperplanes T,, where a € Z{fm. Then
(A|A+27)
q 2(k+hV) —~
chumy(h) = (Rchy)(H)

[T521 (1 — gJ)ydimb

x H 1—[ (1 — s(a)e"=DEK-0)=s@

n=1aeAy,(x|x)=0

x (1 — s(a)e "KFTey=s@)y ),

x]’[ ]_[ (1 — s(a)e "Ktoy=s@ gy (3.3)

n=1 aeA+,(a|x)=%

where,fas before, s(a) = (—1)P® and H := (t, —tx +h,0) = 2mwi(—tD — tx + h),
heb’.

Remark 3.1. Here is a slightly more explicit expression for ch g u):

(A|A+2D)
q 2(k+nY)

[152, (1 — g/)dimb

00
X l_[ 1_[ (1- S(O{)qn_%eZ”i(a\h))—s(a)

n=laeny. (@ln=3

o
<[] ] -st@q"'e?mi@h)=@

n=laeA4,(x|x)=0
2ni(a\h))fs(a)

(ﬁchM)(r, —1tx +h,0)

chymy(h) =

x (1 —s(a)q"e

Since we may assume that (y;|x) > 0, for a set of simple roots {y;} of A cyen, it is easy
to show that if the set {& € A_even|(e|x) = 0} is non-empty, then the restriction of each
o from this set to b/ is a non-zero linear function.

3.2. Conditions of non-vanishing of H(M) . Using Theorem 3.1, we can establish a nec-
essary and sufficient condition for chg(y) to be not identically zero, hence a sufficient
condition for the non-vanishing of H(M).

Theorem 3.2. Let M be as in Theorem 3.1. Then chy )y is not identically zero if and
only if the' g-module M is not locally nilpotent with respect to all root spaces g_,, where
o are positive even real roots satisfying the following three properties:

(i) (@|D+x)=0, (i) (@h/)=0, (Gii)|@x)|=1.
In particular, these conditions guarantee that H(M) # 0.

Lemma 3.2. Let @ € AY,.,. Then the function chy is analytic on a non-empty open

subset of the hyperplane T if and only if §_,, is locally nilpotent on M.
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Proof. 1fg_, is locally nilpotent on M, then rochy, = chyy, where ry, is a reflection
with respect to the hyperplane T, [K3]. Hence Y (M) is an rq-invariant convex domain
and therefore, Y (M) N T, contains a non-empty open set (it is because any segment
connecting a and rya, where a € Y-, has a non-empty intersection with the hyperplane
Ty ).

Conversely, suppose that §_,, is not locally nilpotent on M. Consider s€; C g gen-
erated by g_,, and g,, and let M;,; denote the subspace of M consisting of locally finite
vectors with respect to this s€>. Then chyy,, is re-invariant, hence (as above) it is ana-
lytic on an open subset of 7. On the other hand, chp/ s, is a sum of functions of the

A
form 1_ —, where A is a weight of M. Hence chy, = chy,, + 1 f_(,, where f is a
meromorphw function on Y, which is analytic and non-zero on a non- empty open subset
of T,. O

Proof of Theorem 3.2. 1t follows from Theorem 3.1 and Lemma 3.2 that ch (s is not
identically zero if and only if Rchy; cannot be decomposed as the product of 1 — ¢™¢
and a meromorphic function which is analytic in a non-zero open subset of T, for
each positive even real root « such that (¢|H) = 0Oand o ¢ {nK — y|(y|x) = O or
%} U{nK +y|(ylx) =0}. But (¢|H) = 2wi(—t (| D + x) 4 (@|h)), hence (¢|H) =0
is equivalent to (i) and (ii). The second condition on « is equivalent to (iii). Hence
chy(ary is not identically zero if and only if conditions (i)—(ii7) hold. O

A g-module M is called non-degenerate if each g_,, where « is a positive real
even root satisfying properties (i)—(iii) (in Theorem 3.2), is not locally nilpotent on M.
Otherwise M is called degenerate.

3.3. Admissible highest weight g-modules. Fix a non-degenerate invariant bilinear form
(.].) on g such that all (¢|x) € R for @ € A. Then we have a decomposition of the set
of even roots Ag into a disjoint union of A~ and Ag, where Ag (resp. Ag) is the set

of o € Ag such that (a|a) > 0 (resp. < 0). Let gg be the semisimple subalgebra of the
reductive Lie algebra g with root system Ag , and let ’@g be the affine subalgebra of g
associated to gg .

Recall that a‘g-module L(A) is called integrable if it is integrable with respect to ﬁg

and is locally finite with respect to g. In [KW4] a complete classification of integrable
‘g-modules was obtained.

Defimtlon ([KW1, KW2, KW4]). Let A’ C A be a subset such that QA/ = QE and
A is isomorphic to a set of roots of an affine superalgebrag ( which is not necessarily
a subalgebra of 9). Let I c A+ be the set of simple roots of A (for the subset of

posztlve roots A' N A+) Letp € h be the Weyl vector, i.e., 2(p'|a’) = (o |a/)for all
o e AG g-7 -module L(A) (and the weight A) is called admissible for A’ if the §'-mod-
ule L'(A+p—p0)is lntegrable and this condition does not hold for any A" 3 ATt

is called principal admissible if A is isomorphic to A.

Conjecture 3.1A ([KW2, KW4]). The character of an admissible g-module L(A) is
related to the character of an integrable g’-module by the formula:

eﬁﬁchL(A) = eﬁ ﬁlChL’(A—i—ﬁ—Z)\’) . (34)
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Remark 3.2. Formula (3.4) holds for general symmetrizable Kac—Moody Lie algebra. It
is immediate from the character formula for admissible modules [KW1], [KW2]. In fact
(3.4) holds for these Lie algebras in the much more difficult case when “integrable” is
replaced by “integral” [F].

Definition ([KW4]). A g-module L(A) is called boundary admissible for A if A+
p—0 =0(ie,dmL'(A+p—7)=1).

Of course, (3.4) provides an explicit product formula for the boundary admissible
‘g-modules:

cha = ¢*R/R. (3.5)

Conjecture 3.1B. If L(A) is an admissible g-module, then the Wi (g, x, f)-module
H(L(A)) is either zero or irreducible.

If Conjecture 3.1B holds, then Theorem 3.2 gives necessary and sufficient conditions
for the vanishing of H(L(A)).

4. Vertex Algebras Wy (g, e_g), Where 0 is a Highest Root
We now choose a subset of positive roots in the set of roots A such that the highest root 6

(i.e., 8 + « is not a root for any positive root «) is even. In this section, we shall classify
all the examples of vertex algebras Wi (g, f) where f = e_gy. Denote by e = ¢y the root

vector such that (e| f) = (0|9)_1. Letx = w%, so that f(x) = 1. Then (e, x, f) is an
s»-triple. Furthermore, we have:

S=S5u{s}. 4.1)
Indeed, otherwise there exists an element ¢ € A\{6} such that 2((00|zg§) > 2, hence

o — 20 € A. This is impossible since o — 26 < —6.
Thus, the %Z—gradation (2.1) of g has the form:

gzg_1+g_%+go+g%+gl,whereg_1:Cf,glzCe. 4.2)
One also has:
o/ =g +o_y+a). go=0) ®Cx, *3)
where

0l ={a € gol(alx) =0} = b’ ® (BuecaoCea)
b/ = {h € bl(h]x) =0}, Ag = {a € Al(alx) =0} .

It is easy to see now that formula (2.6) for the central charge of the Virasoro algebra
of Wi (g, e_g) becomes:

12k 1 . foo 1
¢ mg— s+ o (sdimg — sdimgp) — - “4

k
= ———sdi
k+hY ©10) 4
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Furthermore, it is easy to see from Theorem 2.4(b) that all fields /), v € gg , of
the vertex algebra Wy (g, e_g) are primary (of conformal weight 1). Indeed, we have for

vE gg:
1 \
strg, ad v = Estrg(ad v)(ad x) =h" (v|x)

by (1.7). But (v|x) = —(|[ f, e]) = —([v, flle) = 0. (Hence (gf|x) = 0 in any Dynkin
gradation.)

Likewise, by Theorem 2.4(c), the 2-cocycle of the affine subalgebra (gg )Aof Wi (g, e—p)
equals:

a,v) =k@) + %hv(vlv/) — %strgo(ad v)(ad V). (4.5)

In the case when g(]; simple, denoting by hg its dual Coxeter number for (.|.) restricted

to gg, we can rewrite (4.5):

1
a(v,v) = ) (k + z(hv —hy)). (4.6)

The following proposition lists all vertex algebras Wy (g, e_g).

Proposition 4.1. All cases of (g, 0) along with the description of the gg-module gy are

as follows:
1. g is a simple Lie algebra, and 0 is the highest root.

g 9({ g1 g g(J; g1

sy (n>3)|  glus |C" 2@ C"*|Fy|sps| AJC®

50, (n > 5)|s0r @ s0,_4| C>® C"™* |Eq|sts| A3CO

sp, m>2)|  sp,_, cn2 E7|so12| spinia
G st §4C? Eg| E7 [56—dim

11. g is a simple Lie superalgebra but not a Lie algebra, s€; is a simple component

of 9o and 6 is the highest root of this component. Below are all cases when g(}; is a Lie
algebra (m > 1 and g is odd):
2

g 9({ g1 g 95 g1

s02)m) (m #2)] glm |C"® C™|[DQ2, 1;a)|str ®st>| C?® C?
s0(2]2)/ CI sth CaoC?| F@ 507 spin,
spo(2|m) SOm (O G@(3) G> 7—dim

osp(4|m) sl ® sp,, g Cr
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I111. gisasimple Lie superalgebra but not a Lie algebra. The remaining possibilities
are:

g g g
sé(mln) (m #n, m > 2) gl(m — 2|n) Cm—2n gy om—2in*
s€(m|m)/CI (m > 2) st(m — 2|m) Cm=2m gy cm—2lmx
spo(n|m) (n > 4) spo(n — 2|m) Cr—2m
osp(m|n) (m = 5) |osp(m —4|n) @ sl cn—in g 2
F4) D(2,1;2) S—®—o ((6/4)—dim)
-3 1
GB) osp(3]2) ®=>0 ((4]4)—dim)

Proof. The proof of this proposition is straightforward by looking at all highest roots
0 of simple components of g, and choosing an ordering for which this 6 is the highest
rootof g. O

All examples from Table I (resp. Table II) of Proposition 4.1 occur in the Fradkin—
Linetsky list of quasisuperconformal (resp. superconformal) algebras [FL], but the last
two examples from Table III are missing there.

One can check that in all cases of Table II when g(}; is simple one has:
l(hv —hy)=-1
2 0 ’

if we consider the normalization of the form (.|.) which restricts to the standard one on
90 (.e., (a|a) 2 for a long root of 90) Then (0|60) = 4 for osp(m|n), = =3 for F(4),
and = —3 8 for G(3).

It follows from (4.6) that the affine central charge in [FL] equals k — 1 in all these
cases, and this leads to a perfect agreement of (4.4) with the Virasoro central charges in
[FL].

In the case of Table I we take the usual normalization (6|0) = 2. Then (4.4) becomes

k —di 6k + — (d dim g/) 1
c= im im im - —
kv e goame) =5
If, in addition, 9() is simple, then ¥ — hy = 1,6,8,12,5 and 13—0 for g of type
Cy, E¢, E7, Eg, F4 and G, respectively, and again we are in agreement with the
Virasoro central charge of [FL].

Remark 4.1. Many examples of vertex algebras from Proposition 4.1 are well known:

Wi (s€2, e_p) is the Virasoro vertex algebra,

Wi (s€3, e_p) is the Bershadsky—Polyakov algebra [B],

Wi (spo(2]1), e_p) is the Neveu—Schwarz algebra,

Wi (spo(2lm), e—g) for m > 3 are the Bershadsky—Knizhnik algebras [BeK],

Wi (s€(2|1) = spo(2]2), e_p) is the N = 2 superconformal algebra,

Wi (s€(2|2)/CI, e_p) is the N = 4 superconformal algebra,

Wi (spo(2]|3), e_g) tensored with one fermion is the N = 3 superconformal algebra
(ct. [GS]),

Wi (D(2, 1; a), e_p) tensored with four fermions and one boson is the big N = 4
superconformal algebra (cf. [GS]).
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5. The Example of s?z and Virasoro Algebra

(See [KW1, FKW] for details).
Let g = sf, with the invariant bilinear form (alb) = tr ab; then A, = {a}. All
possibilities for T are as follows:

-~

M, ={u—j))K —a, jJK+a} where0 < j<u—1,u>1.

All possible levels of the admissible weights for ﬁu, ;j are rational numbers k& with a
positive denominator u (relatively prime to the numerator) such that u(k + 2) > 2. The
set of all admissible weights of such a level k is

{Akjn=kD+3(n—jk+2)x|0<j<u—1,0<n<utk+2) —2}.

Such a weight is degenerate iff it is integrable with respect to the root K — o, which
happens iff j = u — 1. In particular, all such weights corresponding to u = 1 are
degenerate.

We have: Wi (s€3, e_y) is generated by the Virasoro field L (z). Furthermore, by Theo-
rem 3.2, H(L(Ayg,jn))is zeroiff j = u—1. Otherwise, H (L(A, j.n)) = Ho(L(Ak,jn))
is an irreducible highest weight module over the Virasoro algebra defined by L(z) (given
by (2.5)), corresponding to the parameters p = u(k+2), p’ = u of the so-called minimal
series:

- P=p" oy _ (PG+D—pn+1))?—(p-p)?
c :1—6—/7hj+]n+]: / :
pp ‘ 4pp

Here p,p' €Z,2<p' <p,gcd(p,p)=1,1<j+1<p -1, 1<n+1=<p-—1,
which are precisely all minimal series Virasoro modules. The character formula for
M = L(Ag,j») plugged in (3.3) gives the well-known characters of the minimal series
modules over the Virasoro algebra. The vector vy, ;, (see Remark 2.3) is the eigenvector

(p,p") ).

with the lowest Lg-eigenvalue (equal to & JtLnt

6. The Example of spo(211) and Neveu-Schwarz Algebra

In this section, g = spo(2|1) with the invariant bilinear for (a|b) = %str ab. This is
a 5-dimensional Lie superalgebra with the basis consisting of odd elements ey, €_
and even elements eyy = [eqy, €xl, €20 = —le—q,e—¢] and h = 2[ey, e_y] such
that [h, eq] = ey, [h, e—_y4] = —e_y. Then [k, exq] = 2e2q4, [h, e—20] = —2e_24,
le2a, e—20] = h, [en, e 20] = € g, [e—q, e20] = eu; (exle—o) = (e2al€-24) = %,
(h|h) = 1. We have: h¥ = 3 and A, = {«a, 2a}. The element f = 2e_j, is the only,
up to conjugacy, nilpotent even element, and then x = %h.

We have the charged free superfermions ¢, = ¢4 (z) and (p}'fa = (p;.‘a (2),j=1,2,
and the neutral free fermion ® = ®(z) such that [D; ] = 1 (since (f|[eq, ex]) = 1).
Hence we have:

d=d(@) = —eap) + ea0sy — 5 1 0292 1 +03, + 01D,
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and the A-brackets of d with all generators of the complex C(g, f, k) are:
[diera] =0, [drea] = —e200y, [dih] = eq) — 2e2005,
[dre—al = —5hey + eap3y — 50 + Mg,
[dre—2a] = —e—apy + hes, + 50 +0)g3, .
[drpra] = €20 + 1, [drpa] = eq + €200y — P,
[drg3] = —3(00)? . [dpll=0, [d®]=g}.

Since : &P := 0, we have:

IM(2) = h(2)— : papl 42 02003y 11 J(2) = e—4(2) — 0u@3y,
J2) () = e_04(2) .

It is not difficult to check that the following fields are closed under dj:

2 1 k+2
G = (1 4 oW+ o Zh0),
k+3)172 MR
L=_2 (- Jew _grew Lo gm K12 231“”) ~Lose:,
k+3 4 4 2

and that the field L is equal to the Virasoro field, defined by (2.5), modulo the image of
dp so that they define the same field of Wi(g, f).

Furthermore, a direct calculation with A-brackets in Wi (g, f) shows that L and G
form the Neveu—Schwarz algebra with central charge c:

3 2
[LiL]= (0 +20)L + %c, [L:G1= 0+ %X)G, (GGl =2L + %c, (6.1)
2
CZE(I_M). ©62)
2 k+3

The set of positive roots of g is (n € Z):
z+={nK|n>0}U{ja+nK|nZO,j=1,2} U{—ja+nK|n>0, j=1,2},
and the set of simple roots is
ﬁ:{aozK—a, o) = 2a}.

All possibilities for the sets T of simple roots of subsets Z’Jr of Z+ that are isomorphic
to a set of positive roots of an affine superalgebra, are of three types: the principal ones

(isomorphic to IT), the even type ones, isomorphic to the set of simple roots of type A ,
and the subprincipal ones, isomorphic to the set of simple roots of the twisted affine
superalgebra C? (2) [K2].
All admissible weights for g are of the form:
Ak jn =200 — jk+3) Ao+ (k—n+ j(k+3)A1,
where Ag, A are the fundamental weights, k = 5 € Qis the level (u,v € Z, u >
1, ged(u,v) =1),and j,n € %Z+. The ranges of k and j, n are described below.
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All principal admissible weights have level k such that its denominator u is a (positive)
odd integer, v is an even integer, and u(k 4+ 3) > 3. Both j, n are integers satisfying the
following conditions:

. .ou—1 utk+3)—3
@) ijST and Ofngfor
1 k+3)+1
(i) %gjgu—l and %5n5u(l¢+3)—1.
In case (i), = {jK + oo, (u — 1 — 2j)K + «1}. Hence, by Theorem 3.2, the
principal admissible weight Ay ; , is degenerate iff j = ”—51

In case (ii), = {(u — j))K —ap,(2j + 1 — u)K — a1} and all the admissible
weights are non-degenerate.

For the even type admissible weights, u is even and v is odd, and u(k + 3) > 2. Both
j,née % + Z and satisfy the inequalities: 0 < j < u — %, O<n<uk+3)—1.1In
this case IT = {2j+DK —ay, 2u—j)— DK +ai}, and Ay j, is degenerate iff
. 1
j=u—s5.

For the2 subprincipal admissible weights, both # and v are odd integers, and u (k+3) >
1. Both j, n are integers, satisfying the inequalities: 0 < j <u—1,0 <n <u(k+3)—1.
In this case 1’ = {iK + o, (u — j)K — oo} and all the admissible weights are non-
degenerate. ~

The characters of all admissible spo(2|1) -modules are known [KW1]. Applying to
them Theorem 3.1 we obtain the well known characters of all minimal series modules
of the Neveu-Schwarz algebra (see e.g. [KW1]).

Recall that these minimal series correspond to central charges which equal

, 3 2 _ N2
crr) = 2 (1 _Ap— Py ) : 6.3)
2 pp'

where p,p' € 2,2 < p' < p, p—p € 2Z, gcd (”_Tp/ , p/) = 1, and the minimal
eigenvalue of L equals

o) _ (Pr = p's)t—(p—p)?
r,s =

o , (6.4)

where r,s € Z,1 <r < p'—1,1 <s < p—1,r —s € 2Z. The corresponding
normalized character is as follows:

X0 (1) =

0 r—p's ! r+p's / ) 6.5
n1/2(7) ( oy ®- p;p *pﬁ(f)> ©>

% and 6,

where n1,2(1) = hn,m (T) = ZkEZJFﬁ 2TIMKT Another way of writing

these characters, via the Weyl group W of g, is as follows:

pp |u(A+@ A+p‘2
Z e(w)g * : (6.6)

JRALRNCS)

ﬂl/z(f)

where A4+p=pAo+sF, A +p=pAo+rF,1<s<p-11=<r=<p -1
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In the principal case we let p = u(k + 3), p’ = u. Then (6.2) becomes ¢ = PP,
given by (6.3). Using Theorem 3.1 and (6.6) we obtain:

(p.p")

—cr) 24 g _ XpZ2j—2. p—on—n(T) in case (i)
q C H(L(Ak,j.n)) - (17 p/) . B ’
2j;p’ 2n_p(r) in case (i)

so we get all characters of minimal series for which both p and p’ are odd.
In the even type cases and subprincipal cases we let p = 2u(k + 3), p’ = 2u. Then
again (6.2) becomes ¢ = P P and we obtain

/

—cP:p) 24 (p,p")
C — )
q cha LA = Xop—2j—1,2p—2n—1"*

so we get all characters of minimal series for which both p and p’ are even. Both r and
s are either even (in the even type case) or odd (in the subprincipal case).

7. The Example of s£(211) and N = 2 Superconformal Algebra

In this section, g = s€(2|1) with the invariant bilinear form (a|b) = str ab. This is
the Lie superalgebra of traceless matrices in the superspace C2!! whose even part is
Ce; + Cej and odd part is Cey, where €1, €7, €3 is the standard basis. We shall denote
by E;; the standard basis of the space of matrices. We shall work in the following basis
of g:

el =Epn,ea=Eyj, ein=—E3, fi=Exy, f=—E3,
fiz=—E31, hy =E\1+Ex, hp =—E»n — Es3.

The elements e;, fi, h; (i = 1,2) are the Chevalley generators of g [K1]. Elements
ei, fi (i = 1,2)areall odd elements of g. We pick the Cartan subalgebra ) = Ch|+Chs.
The simple roots o and o are the roots attached to e; and e, and Ay = {«1, a2, o1+
an}. We have: o; = h; (i = 1, 2) (under the identification of b with h*).

Since g5 = Ce12+C fi12+h (= gt»), thereis only one, up to conjugacy, nilpotent ele-
ment f = f]2, which embeds in the following s£,-triple (¢ = ej2, x = %(hl + hy), f).
The corresponding %Z-gradation looks as follows:

g=Cfa(Cfi+Chrh)dhd (Cer +Cer) ®Ce.

We have: gf = Cf + Cf1 + Cfo + C(hy — hy). There is only one other good %Z-
gradation (which is non-Dynkin). It will be considered after the discussion related to the
Dynkin gradation is completed.

We have three pairs of charged free fermions: 91 = ¢1(2), ¢f = ¢} (), ¢2 =
0 (2), ¢35 = ¢5(z) (which are even fields), and @12 = ¢12(2), ¢, = ¢],(z) (which
are odd fields). There are two neutral free fermions: ®; = ®;(z) (i = 1, 2), they are
odd, and their A-bracket is easily seen to be:

[@;5,®;] = —1ifi # j, = 0 otherwise.
Hence the field d = d(z) is as follows:

d = —e19] — €205 + €291, + 9129705 + ¢l + 9] P1 + 3 Ps .
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Its A-brackets with the generators of the complex C (g, f, k) are as follows:

[die1] = eng5 , [drea]l = ey, [dre1n] =0,

[dy fil = —h1g] — e2p]y — (3 + MkoT

[d). f2] = —hag5 — e19]; — (3 + Mkgs

[d). f12] = fogi + fi9; + (h1 + h2)eiy + (3 + Mkei,
[di.h1] = e2p5 — enngly , [diha] = e19] — e129]5 ,
[dip1] = e1 — 91295 — @1, [drga] = e2 — p120] — P2,
[drpi2]l = en + 1, [dre;1 =0, [drgir] = 0103,

(4,11 = ¢ , [dybs] = ¢ .

Furthermore, we have the fields:

JM () = hi(2)— : 0205 4 : 0120} ¢,
T (2) = hy(2)— : 190 = 4 : 0120} ¢,
TN = i@+ 020}y 1 T (2) = @)+ 019} 1, TV () = fia(2).

One easily calculates the A-brackets of d with these fields, using (2.4):

[, "] = o}y + 9302, [d2 "] = o + ¢} @1,

[dy V) = = 1 1T 4ol @2 — (K + D@ + 1]

[ J ] = — @5 )l @y —(k+ DO+ 1),

[d)LJ(flz)] = QDTJ(fZ) T QD;J(fl) P ¢T2J(hl+h2) S 4k(0 + )")(pTZ .

Using this, one checks directly that the following fields are closed under dy:

J =gy . DD, :,

L= (U )y ) ) g
k+1
FL@IMT) L @rady 4 Dr0dy 1),
1
Gt =——_ J(fl)_ - ® J(hl) N4 0, ,
k—i—l( 2 ) 2

G =JP 0, 7M . _(k+1)3D,.

Moreover, one can show that the field L coincides with the Virasoro field defined by
(2.5), modulo to the image of dy, and therefore they give the same field of Wy (g, f).

A direct calculation with A-brackets shows that J, L, G and G~ form the N = 2
superconformal algebra with central charge ¢ = —3(2k + 1):

[LiL] = (3 +20)L + /\2% e x% ,
1
[G*.6*1 =0, [1,G*] = £G*, (61671 = L+ (0 +21)J + Azg,

[LyJ]= @+ 1) J, [LiGF] = 3+ 30GE. (7.1)
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The good non-Dynkin %Z-gradation looks as follows:
g=Cm+CRe0& (Cer+Cf1+bh) d0@ (Cerz + Cez) .

It corresponds to x = h1. As before, we take f = f1>.
In this case we have two pairs of charged free fermions. Hence the field d = d(z) is
as follows:

d = —e2¢5 +e12¢}, + ¢},

and its A-brackets with the generators of the complex are as follows:

[dre1] = enngs . [drea] =0, [drei2] =0,

[dih1] = exp5 — e1n97y , [diha] = —en29}s

[dy fil = —expiy, [di 2]l = —hag5 — e19]; — k(@ + A)g3 ,
[dy. f12] = fi95 + (h1 + h2)el, + k(0 + Vel ,

[yl = ez, [drp31 =0, [drpi2l = ein + 1, [drpl,]1 =0.

Furthermore, we have the fields:

T () = e1(z) — 01205, J"(2) = hi(2)— : 0205+ + 1 o120} :,
J") (2) = hy()+ : @120, 1
JI(@) = i@+ g20hy 1. I () = H(2), JI(2) = fia(2).

One easily calculates the A-brackets of d with these fields, using (2.4):

[d:J ") = [dr I "] = ol

[dyJ V) = ¢35 [drJV] =0,

[ ] = — 1 @37 H) 1 oh T L k(@ + M)},
[d)“](flz)] - - (pfzf(hl+h2) C 4 (pikj(.fl) k(D + M)l

Using this one checks directly that the following fields are closed under dy:

J = J(hl—hz)’
- _kil <J<flz)+ L Jen U . . g ) :) L gyt
Gt — _ki LSO G = U g0 g0 e,

A direct calculation with A-brackets shows that J, L', Gt and G~ form the N = 2
superconformal algebra with central charge ¢ = —3(2k + 1). However, in this case the
relation between L’ and the field L, defined by (2.5), is more complicated. One can show
that in Wi(g, x, f) one has:

1
L=L'+5d]. (7.2)
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The four fields J, L, G and G~ form the Ramond type basis of N = 2 superconformal
algebra ([RY, R]):

[LiL]= (3 +20L, [J,J] = Ag ,
[GT,GT]1 =0, [,GF]=+G*, [GT, G ]=L+1J +,\2% ,
[LyJ]= @+ 1)J — x2§ L LGT1=0+M)GT, [L;,G 1= (@ +20)G (7.3)

The set of positive roots of the affine superalgebra'g = s£(2]| 1) is (n € Z):

A, = {nK of multiplicity 2|n > 0}
UWa +nKlaoe Ay, n>0} U{—a+nKlae e Ay, n> 0},

and the set of simple roots is
O=f{ag=K—a;—az, a, aa}.

All admissible subsets /A\’Jr of K+ are principal, and the corresponding sets of simple
roots are as follows:

T, = (boK + o, b1K + a1, boK +as), where b = (by, by, bo) € 7,
M, = {boK —ap, 1K — a1, brK —az}, where b = (bo, b1, by) € (1 +Z)>.

For the set I:I\b, the boundary admissible weights A are determined from the equation
(A+DlboK +ag) =1, (A+plb1K +a1) =(A+ 002K +a2) =0.  (7.4)

Adding these equations, we get (A + pluK) = 1, where u = by + by + by + 1. Since
(p1K) = 1, we obtain that the level of A is given by

1
k=——1, whereu =by+b1 +br+1, (7.5)
u

and from (7.4) we obtain: (A ;) = —%,i =0, 1, 2. Hence, denotingby A; (i =0, 1, 2)

the fundamental weights, i.e., (A;|a;) = §;; , (A;|D) = 0, we obtain the unique bound-
ary admissible weight corresponding to IT:

1
Ap = _;(bOAO‘i‘b]AI +byA2), u=by+by +by+ 1.

It is easy to see that this weight is nondegenerate iff by > 1, which we will assume.
Recall that hf = C(hy—hy).Weletin (3.3)h = z(h1—h»),z € C,and let y = ¢27i%,
We shall calculate the normalized Euler—Poincaré character

xH (T, 2) == g~ ehyon (z(hy — ha)), (7.6)

where c is the central charge (given by formula (7.9) below).
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The conjectural character formula (3.5) gives in this case:

Rchy(ay)

Ay o0 (1 — g*U=DHbog=a0y (] — gi=boe0) (] — g/)2
I=I (1 4 quU=D+big=ar)(1 4 g#i=bieo) (1 4 guU—D+brg—a2)

=e

1
X —(1 n q“beeo‘Z)) . (7.7)

Due to (3.3), xH(L(a,)) is obtained from this formula in the case of the Dynkin
gradation by the specialization

O =1, =yq?, e =y g2 (7.8)

(and multiplication by the specialized product). In order to write down the explicit for-
mula, it is convenient to introduce the following important function:

F(z,z1,22)
_ e (1-— q”)2(1 _ e—2ﬂi(11+zz)qn)(1 _ 62ni(21+zz)qn—1)
- “'n=1 - 8_27”-216]”)(1 _ e2m’zlqn—1)(1 _ e—Znizzqn)(l _ eZnizzqn—l) ’

and its specializations:

it 2mi(j—0z

Fl(m.y=qwe  « Fur, jt—z—% tr+z+3).

Note that plugging (7.5) in the formula for the central charge ¢ = —3(2k + 1), we
obtain:

6
c=3——,u=2,3,.... (7.9)

u
This is precisely the central charge of the minimal series representations of the N = 2
superconformal algebra. Recall that all these representations with given central charge
(7.9) are parameterized by a pair of numbers j, £ € %Z satisfying inequalities 0 <
jl—1/4

u

j,€,j + £ < u, the minimal eigenvalue of Ly being and the corresponding

eigenvalue of Jy being ]u;e

The specialization (7.8) of the right-hand side of (7.7) gives F, 1 (7, z2),and the

l+%»h2+j
specialization (7.8) of the product in (3.3) gives F/ 52)1 (7, z)~'. Hence, letting j = by + %
22

and ¢ = b + %, formula (3.3) gives the well known (normalized) characters of the min-
imal series of N = 2 superconformal algebra (cf. [D, Ki, M]):

Xrwam (T, = X7 (€, 2) 1= Fi (0, 0/ F) (5,2). (7.10)
Note that, given u > 2, the range of j and ¢ exactly corresponds to the range of b; and
by (defined by (7.5)), since by > 1. Itis also easy to see that (2.19) for A = A, gives the
minimal eigenvalue of L, and the corresponding eigenvalue of Jy isindeed Ay (h1—h2).
Using Remark 2.3, one can conclude that Hy(L(Ap)) # 0 (if Ap is non-degenerate).
Hence, by Conjecture 3.1B, H;(L(Ap)) = 0for j # 0, and therefore Hy(L(Ap)) is the
irreducible module of minimal series corresponding to the parameters u, j, €.
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In a similar fashion, for IT, the only boundary admissible weight is
b b b
Ay = (2 —2) Ao+ 2 A1+ 2As, u=bo+bi+by— 1.
u u u

All these weights are non-degenerate.

In a similar fashion, y H(L(A})) is obtained from (3.3) by using (7.7) and the
specialization (7.8). It turns out that we again recover all characters of the N = 2
minimal series (7.10), where we set j = by — % L =by— % All other statements made
about A hold for A" as well.

We proceed in exactly the same way in the case of a non-Dynkin gradation. In this
case the specialization (7.8) is replaced by

eN=1, %=y, =gy,

In a similar fashion we recover all Ramond type characters of the N = 2 superconformal

algebra (meaning that we use the Virasoro field from the Ramond type basis (7.2), cf.
[RY, R]):

mLZChH(L(Ah)) = X (1’ Z) = F(u)(l’ Z)/F(z)(‘f Z) (7.11)
where j = by + 1 and £ = by so that the range of j, ¢ is exactly right:
O<j,j+l<u,0<fl<u.

Likewise, the same result holds for A, if we let j = by, £ = by — 1. (Incidentally, using

L’ instead of L, see (7.2), we get again X(") )

Note that for the Ramond type basis (7.3) the fields G and G~ have conformal
weights 1 and 2, respectively. Letting G*(z) = >,z Gz "7, G~ (z) = ZneZ

G,z " ~2, and introducing the constant term corrections: L(z) = L(z) +3 4 =7 J(z) =
J() — 62, formula (7.3) gives us exactly the commutation relation of the Ramond

type N = 2 superalgebra. Using Lo and Jy in place of Lo and Jy in the definition of
the normalized Euler—Poincaré character, the definition (7.11) turns into the standard
definition (7.6).

Recall [RY, KW3], that, given u, the span of all N = 2 characters, Ramond type
characters and the corresponding supercharacters (obtained, up to a constant factor, by
replacing 7 by t + 1 in the character) form the minimal SL;(Z)-invariant subspace

containing the “vacuum” character x&”)l . Thus, taking quantum reduction for all good
22

gradations of s£(2|1) of all boundary admissible highest weight s£(2| l)A—modules, we
get an S L, (Z)-invariant space spanned by all characters and supercharacters.
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