Journal of Algebra 517 (2019) 396-438

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

Cosets of affine vertex algebras inside larger )

Check for
updates

structures ™

Thomas Creutzig®*, Andrew R. Linshaw "

2 Department of Mathematics, University of Alberta, United States of America
b Department of Mathematics, University of Denver, United States of America

ARTICLE INFO

ABSTRACT

Article history:

Received 2 June 2017

Available online 11 October 2018
Communicated by Masaki Kashiwara

Keywords:

Affine vertex algebra

Coset construction
Commutant construction
Orbifold construction
Invariant theory

Finite generation

W-algebra

N = 2 superconformal algebra

Given a finite-dimensional reductive Lie algebra g equipped
with a nondegenerate, invariant, symmetric bilinear form B,
let V¥(g, B) denote the universal affine vertex algebra associ-
ated to g and B at level k. Let AF be a vertex (super)al-
gebra admitting a homomorphism V*(g, B) — A*. Under
some technical conditions on AF, we characterize the coset
Com(V*(g, B), A*) for generic values of k. We establish the
strong finite generation of this coset in full generality in the
following cases: A* = V*(g', B'), A* = V*~!(¢/, B') ® F, and
Ak = VE=l(g' B")Y @ Vi(g”,B"). Here g’ and g’ are finite-
dimensional Lie (super)algebras containing g, equipped with
nondegenerate, invariant, (super)symmetric bilinear forms B’
and B” which extend B, | € C is fixed, and F is a free field
algebra admitting a homomorphism V'(g, B) — F. Our ap-
proach is essentially constructive and leads to minimal strong
finite generating sets for many interesting examples. As an ap-
plication, we give a new proof of the rationality of the simple
N = 2 superconformal algebra with ¢ = k?’—fz for all positive
integers k.

© 2018 Elsevier Inc. All rights reserved.

* This work was partially supported by an NSERC Discovery Grant (#RES0019997 to Thomas Creutzig),
and a grant from the Simons Foundation (#318755 to Andrew Linshaw). We thank Drazen Adamovic for
helpful comments on an earlier draft of this paper, and we thank Tomoyuki Arakawa for helpful discussions.

* Corresponding author.

E-mail addresses: creutzig@ualberta.ca (T. Creutzig), andrew.linshaw@du.edu (A.R. Linshaw).

https://doi.org/10.1016/j.jalgebra.2018.10.007
0021-8693/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jalgebra.2018.10.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:creutzig@ualberta.ca
mailto:andrew.linshaw@du.edu
https://doi.org/10.1016/j.jalgebra.2018.10.007
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2018.10.007&domain=pdf

T. Creutzig, A.R. Linshaw / Journal of Algebra 517 (2019) 396438 397

1. Introduction

Vertex algebras are a fundamental class of algebraic structures that arose out of
conformal field theory and have applications in a diverse range of subjects. The coset
or commutant construction is a standard way to construct new vertex algebras from old
ones. Given a vertex algebra V and a subalgebra A C V, Com(.A, V) is the subalgebra of
V which commutes with A. This was introduced by Frenkel and Zhu in [38], generalizing
earlier constructions in representation theory [47] and physics [41], where it was used
to construct the unitary discrete series representations of the Virasoro algebra. Many
examples have been studied in both the physics and mathematics literature; for a partial
list see [3,11,12,20,22,42,44,45]. Although it is widely believed that Com(.A, V) will inherit
properties of A and V such as rationality and Cs-cofiniteness, no general results of this
kind are known.

Many interesting vertex algebras are known or expected to have coset realizations. For
example, given a simple, finite-dimensional Lie algebra g, let Ly(g) denote the rational
affine vertex algebra of g at positive integer level k. There is a diagonal map L (g) —
Li—1(g) ® Li(g), and a well-known conjecture [10,29] asserts that when g is simply
laced,

Com(Ly(g), Lr—1(g) ® L1(g)) (1.1)

coincides with a simple rational W-algebra of type g given by the Drinfeld—Sokolov
reduction associated to the principal embedding of sly in g [33,35]. The rationality of
these W-algebras was proven by Arakawa in [4], and this conjecture was recently proven
in full generality in a joint work with Arakawa [6]. Another interesting family is the
coset

Com(Lyg(gly), Lr—1(slh+1) @ E(n)). (1.2)

In this notation, Ly(gl,) = H(1) ® Li(sl,) where H(1) is the rank one Heisenberg al-
gebra, and £(n) is the rank n be-system, which admits an action of Lq(sl,,). This is
conjectured [43] to be a rational super W-algebra of sl(n + 1|n), which in the case n =1
coincides with the N = 2 superconformal algebra.

We propose that in order to study such discrete series of cosets in a uniform manner,
we should first consider the corresponding cosets of the wniversal affine vertex alge-
bra V¥(g) of g at level k. For example, to study the cosets (1.1), one should begin by
studying

Com(V*(g), V"~ (g) ® L1(g)). (1.3)

It was shown in [6] that (1.3) coincides with the universal W-algebra of g for generic
values of k. This statement implies that (1.1) is isomorphic to a simple W-algebra of
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type g not only for positive integer values of k, but for all admissible values as well.
This was originally conjectured by Kac and Wakimoto in [51]. Similarly, it is expected
that

Com(V*(gl,), VEF (sl 1) ® £(n)), (1.4)

coincides generically with the universal WW-algebra of sl(n + 1|n).

In general, a strong generating set for the universal coset often descends to a strong
generating set for the coset of interest. By a strong generating set for a vertex algebra A,
we mean a subset S C A such that A is spanned by the normally ordered monomi-
als in the elements of S and their derivatives. Finding a strong generating set is an
important step for studying the representation theory of A and establishing properties
such as Cy-cofiniteness and rationality. A class of examples for which this approach has
been fruitful is the parafermion algebras. Given a simple Lie algebra g of rank d and a
positive integer k, the parafermion algebra Ny (g) is the coset Com(H(d), Lk(g)), where
H(d) is the rank d Heisenberg algebra corresponding to the Cartan subalgebra of g.
The Csy-cofiniteness of N (g) was recently proven in [7] and the rationality was proven
in [25], using results of [26-28]. A key ingredient in proving these important theorems
was the explicit strong generating set for the universal parafermion algebra of sly, namely
Com(H (1), V¥(sly)), which was achieved in [22,23].

Let g be a finite-dimensional, reductive Lie algebra (i.e., a direct sum of simple and
abelian Lie algebras), equipped with a nondegenerate, symmetric, invariant bilinear
form B. We denote by V*(g, B) the universal affine vertex algebra of g at level k, relative
to B. In this paper, we shall study cosets of V*(g, B) inside a general class of vertex
algebras A* whose structure constants depend continuously on k. The goal in studying
Com(V*(g, B), A) is to understand the behavior of Com(Ly (g, B), Ax), where A and
L (g, B) denote the simple quotients of .A* and V*(g, B), respectively. In particular, we
are interested in special values of k for which Ly (g, B) is rational or admissible. The
main examples we have in mind are the following.

(1) A*¥ = V¥(g’, B’) where g’ is a finite-dimensional Lie (super)algebra containing g,
and B’ is a nondegenerate, invariant (super)symmetric bilinear form on g’ extend-
ing B.

(2) A¥ = VF-U(g/, B') ® F where F is a free field algebra admitting a homomorphism
Vi(g, B) — F for some fixed | € C satisfying some mild restrictions. By a free field
algebra, we mean any vertex algebra obtained as a tensor product of a Heisenberg
algebra H(n), a free fermion algebra F(n), a 8y-system S(n) or a symplectic fermion
algebra A(n).

(3) AF = VF=l(g' B"Y® V!(g", B"). Here g” is another finite-dimensional Lie (super)al-
gebra containing g, equipped with a nondegenerate, invariant, (super)symmetric
bilinear form B” extending B. If V!(g”, B") is not simple, we may replace V!(g", B")
with its quotient by any ideal; of particular interest is L;(g”, B”).
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In Section 6, we will prove in full generality that Com(V*(g, B), A*) is strongly finitely
generated in cases (1) and (2) above for generic values of k, and in case (3) when A* =
VE=l(g',B") @ Vl(g", B"), and both k and [ are generic. We will also prove this when
AF = VF=U(g' B") @ L;(g", B") for certain nongeneric values of [ in some interesting
examples.

These are the first general results on the structure of cosets, and our proof is essentially
constructive. The key ingredient is a notion of deformable family of vertex algebras that
was introduced by the authors in [17]. A deformable family B is a vertex algebra defined
over a certain ring of rational functions in a formal variable x, and B> = lim,_, o, B has a
well-defined vertex algebra structure. This notion fits into the framework of vertex rings
introduced by Mason [65], and it is useful because a strong generating set for B> gives
rise to a strong generating set for B with the same cardinality. In the above examples,
Com(V*(g, B), A¥) is a quotient of a deformable family C, and a strong generating set
for C gives rise to a strong generating set for Com(V*(g, B), A¥) for generic values of k.
We will show that

C>® = lim Com(V*(g, B), A%) = V¢,

k—o0

where
= li k(g, B), li kY.
Y = Com( lim Vg, B), lim A7)

Here G is a connected Lie group with Lie algebra g, which acts on V. Moreover, V is a
tensor product of free field and affine vertex algebras and G preserves each tensor factor
of V. The description of Com(V*(g, B), A*) therefore boils down to a description of the
orbifold V&, which is an easier problem.

Building on our previous work on orbifolds of free field and affine vertex algebras
[18,60-63], we will prove in Sections 4 and 5 that for any vertex algebra )V which
is a tensor product of free field and affine vertex algebras and any reductive group
G C Aut(V) preserving the tensor factors, V¢ is strongly finitely generated. The proof
depends on a classical theorem of Weyl (Theorem 2.5A of [70]), a result on infinite-
dimensional dual reductive pairs (see Section 1 of [48] as well as related results in

[24,68,69]), and the structure and representation theory of the vertex algebras BAU(5)

for B = H(n), F(n),S(n), A(n).

In Section 7, we shall apply our general result to find minimal strong finite generating
sets for Com(V*(g, B),.A*) in some concrete examples which have been studied previ-
ously in the physics literature. In physics language, the tensor product of two copies
of Com(V¥(g, B), A*) is the symmetry algebra of a two-dimensional coset conformal
field theory of a Wess—Zumino—Novikov—Witten model. Minimal strong generating sets
for many examples of coset theories have been suggested in the physics literature; see
especially [11], and we provide rigorous proofs of a number of these conjectures.
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If g is simple and B is the standard normalized Killing form, we denote V*(g, B) by
V*(g), and we denote by h" the dual Coxeter number of g. Let g be simple, and A* a
vertex algebra admitting a homomorphism V*(g) — A*, as above. Suppose that k is a
parameter value for which A* is not simple, and let Z be the maximal proper ideal of
A¥ | so that Ay = A*/T is simple. Let J denote the kernel of the map V*(g) — Ay, and
suppose that J is maximal so that V*(g)/J = Ly (g). There is always a vertex algebra
homomorphism

7 : Com(V¥(g), A¥) — Com (L (g), Ar),

which in general need not be surjective. In order to apply our results on Com(V*(g), A*)
to the structure of Com(Lyg(g),.Ax), we need to determine when 7, is surjective, since in
this case a strong generating set for Com(Vk' (9), Ak) descends to a strong generating set
for Com(Lg(g), Ax). In Section 8, we shall prove that 7y is surjective whenever k + hY
is a positive real number.

This provides a powerful approach to describing Com(Lg(g), Ax), and we will give
two examples to illustrate our method. First, we show that for all admissible levels k,
Com(Ly(sp2), Li(0sp(1]|2))) is isomorphic to the rational Virasoro vertex algebra with

c= ,Mi;ig). Second, we give a new proof of the rationality of the simple N = 2
superconformal algebra with ¢ = k3—+k2 for all positive integers k. This algebra is realized

as the coset of the Heisenberg algebra inside Ly (sl2) ® £, where £ denotes the rank one
be-system. The rationality and regularity of these N = 2 superconformal algebras were
first established by Adamovic [1,2]; additionally, the irreducible modules were classified
and the fusion rules were computed. In the physics literature, these algebras are known
as N = 2 superconformal unitary minimal models [19]. They are famous in string theory
because extended algebras of tensor products of N = 2 superconformal unitary minimal
models at total central charge 3d are the so-called Gepner models [39] of sigma models
on d-dimensional compact Calabi—Yau manifolds.

Finally, we mention that our work relates to another current problem in physics.
The problem of finding minimal strong generators is presently of interest in the con-
jectured duality of families of two-dimensional conformal field theories with higher spin
gravity on three-dimensional Anti-de-Sitter space. Strong generators of the symmetry
algebra of the conformal field theory correspond to higher spin fields, where the confor-
mal dimension becomes the spin. The original higher spin duality [40] involves cosets
Com (V*(sl,,), A*), where A* = V*¥~1(sl,) @ L;(sl,,). This case is discussed in Exam-
ple 7.13. Example 7.16 is the algebra appearing in the NV = 1 superconformal version of
the higher spin duality [15], and Example 7.5 proves a conjecture of that article on the
structure of Com(V*(spay, ), VF¥=1/2(0sp(1]2n) @ S(n)). Example 7.11 is the symmetry al-
gebra of the N = 2 supersymmetric Kazama—Suzuki coset theory on complex projective
space [54]. This family of coset theories is the conjectured dual to the full N = 2 higher
spin supergravity [16]. All these examples are important since they illustrate consistency
of the higher spin/CFT conjecture on the level of strong generators of the symmetry
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algebra. Our results have recently been used in this direction in [31]. The physics picture
is actually that a two-parameter family of CF'Ts corresponds to higher spin gravity where
the parameters relate to the 't Hooft coupling of the gravity. This idea is similar to our
idea of a deformable family of vertex algebras.

2. Vertex algebras

In this section, we briefly define vertex algebras, which have been discussed from
various different points of view in the literature (see for example [8,30,36,37,46,58]). We
will follow the formalism developed in [58] and partly in [56]. Let V = V& V] be a super
vector space over C, and let z,w be formal variables. Let QO(V') denote the space of
linear maps

V= V((2) ={>_v(n)z""u(n) € V, v(n) = 0 for n > 0}.
nez

Each element a € QO(V) can be represented as a power series

a=a(z)= Z a(n)z=""t € End(V)][[z, 27 ]].

nez
We assume that a = ag + a1 where a; : V; — Vi1;((2)) for i,j € Z/2Z, and we write
|ai| =1.
For each n € Z, there is a nonassociative bilinear operation o,, on QO(V'), defined on
homogeneous elements a and b by

a(w) o, b(w) = Res.a(2)b(w) ¢z |w|(z — w)"
— (—1)‘““b|Reszb(w)a(z) Lw|>|z| (2 —w)".
Here t).>w| f (2, w) € C[[z,27!, w,w™]] denotes the power series expansion of a rational

function f in the region |z| > |w| For a,b € QO(V'), we have the following identity of
power series known as the operator product expansion (OPE) formula.

a(z)b(w) = Z a(w) o, b(w) (z —w) ™" a(2)b(w) : . (2.1)

n>0
Here : a(2)b(w) : = a(z)_b(w) + (=1)*l¥lb(w)a(z),, where a(z)_ = >ncoa(n)zTt

and a(z) = 3 sga(n)z7"" 1 Often, (2.1) is written as

a(z)b(w) ~ Z a(w) o, b(w) (z —w)™ "1,

n>0

where ~ means equal modulo the term : a(z)b(w):, which is regular at z = w.
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Observe that : a(z)b(z): is a well-defined element of QO(V). It is called the Wick
product, or normally ordered product, of a(z) and b(z), and it coincides with a(z)o_1b(2).
For n > 1 we have

d

nl a(z) o_p_1 b(z) = : (0"a(2))b(2) :, ==

For a1(z2),...,ar(z) € QO(V), the iterated Wick product is defined inductively by

car(2)az(z) - rak(z) 1 = ar(2)b(2) ¢ b(z) =:az(z) --ap(z) :. (2.2)

We often omit the formal variable z when no confusion can arise.
A subspace A C QO(V) containing 1 which is closed under all products o,, will be
called a quantum operator algebra (QOA). We say that a,b € QO(V) are local if

(= — w)V[a(2), b(w)] = 0

for some N > 0. Here [,]| denotes the super bracket. This condition implies that ao, b =0
for n > N, so (2.1) becomes a finite sum. Finally, a vertez algebra will be a QOA whose
elements are pairwise local. This notion is well known to be equivalent to the notion of a
vertex algebra in the sense of [36,37], except that a conformal structure is not assumed
to exist. Briefly, a vertex algebra is a vector space V with a distinguished vector called
the vacuum vector, and an injective linear map Y : V- — QO(V) satisfying some axioms,
the most important of which is that Y (V') is a QOA whose element are pairwise local.
Conversely, if A is a QOA whose elements are pairwise local, then A is itself a faithful
A-module via the left reqular map

p: A= QO(A), ama,  alQb=>» (ao,b) ¢ (2.3)

nez

It can be shown (see [56] and [59]) that p is an injective QOA homomorphism, and that
taking Y = p, A is then a vertex algebra with vacuum vector 1.

A vertex algebra A is said to be generated by a subset S = {af| i € I} if A is spanned
by words in the letters ! and all products o, for i € I and n € Z. We say that S
strongly generates A if A is spanned by words in the letters o’ and products o,,, for
n < 0. Equivalently, A is spanned by the set of normally ordered monomials

{:0Fa - 9Fmaim iy, i €1, Ky, ke > 0F.

Suppose that S is an ordered strong generating set {a!,a?,...} for A. We say that S
freely generates A, if A has a PBW basis consisting of

1 . 1 . 2 2 . n . n . . .
: aklall .. .akrla’16k1a‘2 .. .8]“7«20/2 .. .81‘71 aln .. .8]%"0[% : 1 < i < <y,

ki >ky > 2k, K232 2k, o, K 2Ky 22k (24)
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There is a similar notion of free generation for a vertex superalgebra, where if o’ is an
odd generator, 9%’ can only appear once in such a monomial.

A conformal structure of central charge ¢ on a vertex algebra A is a Virasoro vector
L(z) =Y ,cz Lnz"""? € A satisfying

L(2)L(w) ~ g(z —w) ™+ 2L(w) (2 — w) "2 + L(w) (2 — w) 2, (2.5)

such that in addition, L_ja = O« for all & € A, and Lg acts diagonalizably on 4. We
say that a has conformal weight d if Lo(a) = dor, and we denote the conformal weight d
subspace by A[d]. In all our examples, the conformal weight grading is by Z>, that is,

A=D Ald,

d>0

and each A[d] is finite-dimensional. We then have the graded character

X(A,q) = dim(A[d])q". (2.6)

d>0

As a matter of notation, we say that a vertex algebra A is of type W(dy, dz, ...) if it has
a minimal strong generating set consisting of one field in each weight dq,ds, .. ..

2.1. Affine vertex algebras

Let g be a finite-dimensional, Lie (super)algebra, equipped with a (super)symmetric,
invariant bilinear form B. The universal affine vertex (super)algebra V*(g, B) associated
to g and B is freely generated by elements X¢, ¢ € g, satisfying the operator product
expansions

XE(2) X" (w) ~ kB(Em)(z = w) ™2 + X O (w) (2 = w) 7.

The automorphism group Aut(V*(g, B)) is the same as the group of automorphisms of
g which preserve B; each automorphism acts linearly on the generators X¢. If B is the
standardly normalized supertrace in the adjoint representation of g, and B is nondegen-
erate, we denote V*(g, B) by V*(g). We recall the Sugawara construction, following [49].
If g is simple and B is nondegenerate, we may choose dual bases {{} and {£'} of g, satis-
fying B(§',m) = d¢,5- The Casimir operator is Cz = 3, £¢', and the dual Coxeter number
hY with respect to B is one-half the eigenvalue of C5 in the adjoint representation of g.
If k + hY # 0, there is a Virasoro element

1 ’
Lf= ——— ) XSX% . 2.
v DY @7
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k-sdim(g)
E+hY
each X¢ is primary of weight one. We denote by Ly (g, B) the unique simple quotient

of central charge ¢ = . This is known as the Sugawara conformal vector, and

of V¥(g, B) by its maximal proper ideal graded by conformal weight, and we denote by
Lx(g) the simple graded quotient of V*(g).

2.2. Free field algebras

The Heisenberg algebra H(n) has even generators af, i = 1,...,n, satisfying
at(z)ad (w) ~ 8 j(z —w) ™2 (2.8)
It has the Virasoro element L* = %2?21 : a’a’: of central charge m, under which

o' is primary of weight one. The automorphism group Aut(#(n)) is isomorphic to the
orthogonal group O(n) and acts linearly on the generators.
The free fermion algebra F(n) has odd generators ¢;, i = 1,...,n, satisfying

' (2)¢” (w) ~ i (2 — w) L. (2.9)

1 —n

—% > iy 90" of central charge %, under which ¢ is

primary of weight . We have Aut(F(n)) = O(n), and it acts linearly on the generators.

It has the Virasoro element L7 =

7

Note that F(2n) is isomorphic to the be-system €(n), which has odd generators b?, ¢,
1 =1,...,n, satisfying

b (2)cd (w) ~ i (2 — w) ()b (w) ~ i (2 — w)

o T (2.10)
b (2)b’ (w) ~ 0, c'(z)d (w) ~ 0.
The Bry-system S(n) has even generators 3, 4%, i = 1,..., n, satisfying
B2y (w) ~ big(z —w) ™t A (2) B (w) ~ =0 (2 —w) T (2.11)
B'(2)B (w) ~ 0, 7' (2)7 (w) ~ 0.
It has the Virasoro element LS = %27:1( D BROY s — 1 OB ) of central charge

—n, under which ¢, 4% are primary of weight % The automorphism group Aut(S(n)) is
isomorphic to the symplectic group Sp(2n) and acts linearly on the generators.
The symplectic fermion algebra A(n) has odd generators e*, f*, i = 1,...,n, satisfying

' (2)f (w) ~ 8i(z —w)™%, fR)e"(w) ~ =0 4(z —w) 72,

; , ; ) (2.12)
e'(z)e’ (w) ~ 0, f1(2) 7 (w) ~ 0.

It has the Virasoro element LA = — 3" | : e’ f%: of central charge —2n, under which
e’, f* are primary of weight one. We have Aut(A(n)) = Sp(2n), and it acts linearly on
the generators.
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2.8. Filtrations

A filtration Ay € A1y € A(g) C --- on a vertex algebra A such that A = Ukzo Ay
is a called a good increasing filtration [57] if for all a € Ay, b € Ay, we have

A <0
aonbe { Gty ST (2.13)
Agi-1y n>0

Setting A(_1) = {0}, the associated graded object gr(A) = @>o Aw)/Ax-1) is a
Z>o-graded associative, (super)commutative algebra with a unit 1 under a product in-
duced by the Wick product on A. Moreover, gr(.A) has a derivation 0 of degree zero,
and we call such a ring a d-ring. For each r > 1 we have the projection

br A(,«) — .A(T)/.A(rfl) C gr(A). (2.14)

The key feature of such filtrations is the following reconstruction property [59]. Let
{a;| i € I} be a set of generators for gr(A) as a J-ring, where a; is homogeneous of
degree d;. In other words, {0%a;| i € I, k > 0} generates gr(A) as a ring. If a;(z) € A,
satisfies ¢g, (a;(2)) = a; for each i, then A is strongly generated as a vertex algebra by
{ai(2)] i € I}.

For any Lie superalgebra g = go @ g1 and bilinear form B, V*(g, B) admits a good
increasing filtration

VE(g,B)o) SV (@, B)y -+ Ve, B) =] V*@.B)y), (2.15)
j=>0

where V¥(g, B) ;) is spanned by all iterated Wick products : 9¥1 X1 ... 9% X4+ of length
r < j. We have a linear isomorphism V*(g, B) = gr(V*(g, B)), and an isomorphism of
graded O-rings

a(Vie.B) = Sym@PV) Q@ (A EPW,),  V,=g, W;=g. (216)

=0 Jj=0

In this notation, V; is spanned by the images of {07 X% &; € go} in gr(VF*(g, B)), and
W; is spanned by the images of {8 X%| & € g1}. Using the notation Xfi for these
variables, the d-ring structure on (Sym D,>o Vi) ® (/\jZO @ W;) is given by (’9X]§i =
XffH for & in either gy or gi. Clearly the weight grading on V*(g, B) is inherited by
gr(V*(g, B)).

For V = H(n), F(n),S(n), A(n) we have good increasing filtrations V() € V(1) C - - -,
where V; is spanned by iterated Wick products of the generators and their derivatives

of length at most j. We have linear isomorphisms

H(n) =gr(M(n))  F(n) =gr(F(n),  Sn)=er(Sn)),  Aln)=gr(An)),
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and isomorphism of 0-rings

gr(H(n) = Ssym@PV;,  e(Fn) = APV

j>0 =0
(2.17)
gr(S(n)) = Sym@PV; o Vi), er(Am) = NP, e v;),
3>0 320

where V; = C" and V* = (C")* for all j > 0. If we choose a basis {z}| i = 1,...n} for
V; and a basis {y;\ i=1,...,n} for V}*, the d-ring structure is given by 8x§ = xéH and
dy; = Yj41, and gr(V) inherits the weight grading on V.

Finally, for all the vertex algebras V = V*(g, B),H(n), F(n),S(n), A(n) these fil-
trations are Aut(V)-invariant. For any reductive group G C Aut(V), we have linear
isomorphisms V¢ = gr(V%) and isomorphisms of d-rings gr(V)¢ = gr(V%).

3. Vertex algebras over commutative rings

Let R be a unital, commutative ring. A vertex algebra over R will be an R-module A
with a vertex algebra structure, which we shall define as in Section 2. A general treatment
of vertex algebras over commutative rings has recently been given by Mason [65]. Much
of the theory is similar to vertex algebras over fields, but there are some important
differences. For example, the translation operator does not work when the ring does
not have enough denominators, and must be replaced with a Hasse-Schmidt derivation.
These difficulties are not present when R is a C-algebra, which is the case in all our
examples.

First, given an R-module M, we define QO (M) to be the set of R-module homo-
morphisms a : M — M ((z)), which can be represented by power series

a(z) =Y a(n)z~""" € Endgr(M)[[z, 2™ "]].
nez

Here a(n) € Endg(M) is an R-module endomorphism, and for each v € M, a(n)v =0
for n > 0. Clearly QOr(M) is an R-module, and we define the products a o, b as
before, which are R-module homomorphisms from QO g (M) @ QOx(M) — QOg(M).
A QOA will be an R-module A C QO (M) containing 1 and closed under all products.
Locality is defined as usual, and a vertex algebra over R is a QOA A C QO (M) whose
elements are pairwise local. The OPE formula (2.1) still holds, and there is a faithful
representation A — QOg(A) given by (2.3).

We say that a subset S = {af| i € I} C A generates A if A is spanned as an
R-module by all words in o and the above products. We say that S strongly generates
A if A is spanned as an R-module by all iterated Wick products of these generators
and their derivatives. In general, A need not be a free R-module, but all the exam-
ples we need in this paper are free modules. If S = {a',a?,...} is an ordered strong
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generating set for A, we say that S freely generates A, if A has an R-basis consist-
ing of all normally ordered monomials of the form (2.4). In particular, A is a free
R-module.

Let A be a vertex algebra over R and let ¢ € R. Suppose that A contains a field L
satisfying (2.5), such that Lo acts on A by 0 and Ly acts diagonalizably, and we have
an R-module decomposition

A= P Al

deR

Here A[d] is the Lo-eigenspace with eigenvalue d. If each A[d] is a free R-module of finite
rank, we have the graded character

X(A,q) =Y rankg(Ald])q". (3.1)

deR

In all our examples, the grading will be by Z>¢, regarded as a semigroup inside R, and
AJ0] & R. A typical example is V*(g) where k is regarded as a formal variable, so V*(g)
is a vertex algebra over the polynomial ring C[k]. As such, it has no conformal vector.
If instead we define R to be the localization D~*C[k] where D is the multiplicative set
generated by (k + hY), then V*(g) has Virasoro vector L? given by (2.7).

Let A be a vertex algebra over R with a weight grading as above. Given an ideal
I C R = A[0], let I-.A denote the set of finite sums of the form ). f;a; where f; € I and
a; € A. Clearly I - A is the vertex algebra ideal generated by I, and we may consider the
quotient

A/ - A).

It is a vertex algebra over R/I with a weight grading such that (A/(-.A))[0] = R/I. In
general, if A is a free R-module, A/(I - A) need not be a free R/I-module. However, in
all our examples, R/I will be a field so that A/(I - A) is indeed free.

3.1. Deformable families

The notion of a deformable family of vertex algebras is a special case of a vertex
algebra defined over a commutative ring, and was introduced in [17]. Let K C C be a
subset which is at most countable, and let Fx denote the C-algebra of rational functions
in a formal variable  of the form % where deg(p) < deg(q) and the roots of ¢ lie in K.
A deformable family will be a free Fi-module B with the structure of a vertex algebra
over Fi.

We assume that B possesses a Z>o-grading

B= @ B[m)| (3.2)

m>0



408 T. Creutzig, A.R. Linshaw / Journal of Algebra 517 (2019) 396438

by weight, where each B[m] is free Fx-module of finite rank, and B[0] = Fk. Typically,
this grading comes from a conformal structure on B, but this need not be the case.
We only required that for a € B[m], the operator ao,, is homogeneous of weight m —
n — 1.

For k € C\ K, the ideal (k — k) C Fk is maximal and F/(k — k) = C. Let (k — k)B
denote the set of finite sums of the form )", f;b;, where b; € B and f; € (k — k). Clearly
(k — k)B is a vertex algebra ideal of B. By abuse of notation, we often denote (k — k)B
by (k — k) when no confusion can arise. The quotient

BY = B/(k — k)

is then an ordinary vertex algebra over C. Evidently, B and B* have the same graded
character in the sense that

X(B,q) = rankp, (Bld])q" = _ dime(B*[d])¢" = x(B, q).

d>0 d>0

We regard B¥ as being obtained from B by evaluating the functions in F at the point k.
Since Fx consists of rational functions of degree at most zero, B has a limit

B = lim B,

K—00

which we define as follows. First, fix a basis {a;| ¢ € I'} of B as an Fx-module, and define
B> to be the vector space over C with basis {a;| i € I'}. Without loss of generality, we
may assume that each a; is homogeneous with respect to weight. If a; € B[m], we declare
that o; € B>[m], so that B° inherits the weight grading B> = ,,~, B°°[m|. Next, we
define a map -

¢:B— B ¢(Y fiar) =) (lim fi)ai.

icl iel

Here ), ; fia; is an arbitrary element of B, where the coefficients f; are elements of
Fg and f; = 0 for all but finitely many indices. This map is clearly linear in the sense
that

¢(fw+gv) = (lim f)¢(w) + (lim g)¢(v).
The vertex algebra structure on B*° is defined on our basis by
a; op aj = P(a; op aj), i,j €1, n € 7, (3.3)

and extended by linearity, so for all w,v € B and n € Z, we have

P(won v) = ¢(w) on ¢(v). (3-4)
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Clearly B> is a vertex algebra over C with graded character x(B*°,q) = x(B, ¢). Since
each weight space B[m] has finite rank and the determinant of a change of basis matrix
lies in F, the vertex algebra structure of B> does not depend on the choice of basis
of B. We can regard B as obtained from B by evaluating all elements of F at oo, so
it is on the same footing as B defined above.

Example 3.1 (Affine vertex superalgebras). Let g = go @ g1 be a finite-dimensional Lie
superalgebra over C, where dim(gg) = n and dim(g;) = 2m. Suppose that g is equipped
with a nondegenerate, invariant, supersymmetric bilinear form B. Fix a basis {£1,...,&,}
for go and {ni,...,nE} for g1, so the generators Xgi,X”J‘i of V¥(g, B) satisfy

X6 ()X (w) ~ 8ik(z —w) ™ + XE O w)(z —w) ™!,

X (2) X (w) ~ 8 k(z —w) ™ 4 X0 ) (z —w)

X6 ()X (w) ~ X w)(z - w) o
X ()X (1) ~ XI5 () (2 = w) 7.

Let x be a formal variable satisfying k? = k, and let F = Fg for K = {0}. Let V
+
be the vertex algebra with coefficients in F which is freely generated by {a%,a"i | i =
1,...,n, j=1,...,m}, satisfying
& (b 2, L g -1
a8 ()a8 () ~ 81— w) o a0 w) (= — w) 7,

@ (2)a (w) ~ 8340 = w) 2 + a1 w)(z — ),

+ 1 + " (36)
a*(2)a"” (w) ~ +—al W (w)(z — w)
1
™ (2)a” (w) ~ +—a N (w) (2 — w) .
K
For k # 0, we have a surjective vertex algebra homomorphism
Y Vk(g B) abi LX& anji — Lan;‘t
Y ) \/% ) )
whose kernel is the ideal (k — v/k), so V*(g, B) 2 V/(k — Vk). Then
V> = ILm V= H(n) @ A(m), (3.7)
and has even generators o fori = 1,...,n, and odd generators e el forj=1,...,m,
satisfying
A% (2)a® (w) ~ &; j(z — w) 72,
(3.8)

e"j(z)e"; (w) ~ 8§ j(z —w) "2
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An important feature of deformable families is that a strong generating set for the
limit will give rise to a strong generating sets for the family after tensoring with a ring of
the form Fjg for a subset S C C containing K. The following result appears as Lemma 8.1
of [17], but we include a more detailed proof here for the benefit of the reader.

Lemma 3.2. Let K C C be at most countable, and let B be a vertex algebra over Fy with
weight grading (3.2) such that B[0] = Fg. Let U = {a;] i € I} be a strong generating set
for B>, and let T = {a;| i € I} be a subset of B such that ¢(a;) = ;. There exists a
subset S C C containing K which is at most countable, such that Fs ®p, B is strongly
generated by T. Here we have identified T with the set {1 ®a;| i € I} C Fs Qp, B.

Proof. For all n > 0, let d,, = rankp, (B[n]) = dimcB>[n], and fix a basis {b1,...,bq, }
for B[n] as an F-module, so that the corresponding set {51, ..., B84, }, where 8; = ¢(b;),
forms a basis of B>[n].

Since U = {«;| i € I} strongly generates B>, there is a subset of monomials
{p1,- .., pa, } which each have the form : 91 q, - - 9% «; :, which is another basis for
B°°[n]. Note that B> need not be freely generated by U, so this subset may not include
all possible monomials of weight n. Let M = (m;) € GL,(C) denote the change of
basis matrix such that

wi= Y mjub.
k
Next, let {my,...,mg, } be the monomials in the elements {a;| ¢ € I'} and their deriva-
tives obtained from g1, ..., puq, by replacing each «; by a;. It follows from (3.3) that
¢(mj) = p;. Moreover, since {by,...,bq, } is a basis for B[n| as an Fx-module, we can
write

m; = Z M 1 (K)k,
k

for some functions m; (k) € Fx. Taking the limit shows that lim._,oc m; x(Kk) = m; ,
and since the matrix M = (m, ;) has nonzero determinant, it follows that this holds for
M(k) = (m; k(k)) as well. Moreover, det(M(x)) lies in Fx and hence has degree zero

as a rational function. Then has degree zero, but need not lie in Fx since the

1
det(M(n))
denominator may have roots that do not lie in K. But if we let S,, be the union of K
and this set of roots, det(M(x)) will be invertible in Fs, and {m,...,mg, } will form a
basis of F, ®p, Bln| as an Fis,-module. We now take S = {J,,5 Sn, and it is clear that

the set T has the desired properties. O

Corollary 3.3. For k € C\ S, the verter algebra B* = B/(k — k) is strongly generated by
the image of T under the map B — BF.
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Since our description of S is nonconstructive, it is difficult to determine when Corol-
lary 3.3 can be applied to a specific value of k. However, a slightly weaker statement
holds if S is replaced by a much smaller set S’, which can be determined algorithmically.
Since T' closes under operator product expansion in Fs ®p, B, each term appearing in
the OPE of a;(z)a;(w) for ,j € I can be expressed as a linear combination of normally
ordered monomials of the form

cOMag, (w) 0% a;, (w) 1, (3.9)

for 41,...,4, € I and kq,...,k. > 0. The structure constants, i.e., the coefficients of
these monomials, are rational function of k lying in Fs but not necessarily in F. Let D
denote the set of poles of the structure constants appearing in a;(z)a;(w) for all ¢, € I.
Without loss of generality, we may assume that D C S. We now define S’ = K U D.

Lemma 3.4. As an Fs/-module, Fs: ®p, B is strongly generated by T, up to torsion
elements.

Proof. Let A be the subalgebra of Fs» ®p, B generated by T. Note first that A is
strongly generated by T'; equivalently, A is spanned as an Fg,-module by all normally
ordered monomials (3.9) as above. This is clear since the corresponding generating set
in Fis @, B (also denoted by T') is a strong generating set, but the structure constants
in Fs ®, B all lie in the smaller algebra Fg . Also, since Fs ®@p, B is strongly generated
by T, we have

Fs ®p B=FsQp, A= FsQp, A (3.10)
Since Fg is an integral domain, for each m > 0,

rankp,, (Alm]) = dimg(F ®p,, Alm])
is well-defined, where F' denotes the fraction field of Fg/. By (3.10), we have

rank g, (B[m]) = rankp, (Fs @, Blm]) = rankp, (Fs ®p,, A[m]) = rankp,, (A[m]).

FS/®FKB[’H’L]

A[m] is a torsion

Since rankp, (B[m]) = rankp, (Fs: ®p, B[m]), it follows that
Fs:-module for all m, as claimed. 0O

In many situations, K is a finite set. For example, if B is the deformable family V
satisfying V/(k — Vk) = V*(g, B) for some Lie superalgebra g, we can take K = {0}.
Also, in many situations B> is strongly generated by a finite set U = {1, ..., q;}.

Corollary 3.5. Suppose that K is a finite set and B> is strongly generated by a finite
set U = {ay,...,a.}. Then B* is strongly generated by the corresponding set T =
{a1,...,a,} for generic values of k.
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If U is a minimal strong generating set for B> it is not clear in general that T
is a minimal strong generating set for B, since there may exist relations of the form
Mk)a; = P, where P is a normally ordered polynomial in {a;| ¢ € I, i # k} and
limg 00 A(k) = 0, although limy_, o, P is nontrivial. However, there is one condition
which holds in many examples, under which 7" is a minimal strong generating set for 5.

Lemma 3.6. Suppose that U = {cy| i € I} is a minimal strong generating set for B> such
that there is an N € Z~q with wt(a;) < N for olli € 1. If there are no normally ordered
polynomial relations among {«;| i € I} and their derivatives of weight less than N, then
the corresponding set T = {a;| i € I} is a minimal strong generating set for B.

Proof. If T is not minimal, there exists a decoupling relation A(k)a; = P for some j € I
of weight wt(a;j) < N. By rescaling if necessary, we can assume that either \(k) or
P is nontrivial in the limit & — oo. We therefore obtain a nontrivial relation among
{«a;| i € I} and their derivatives of the same weight, which is impossible. O

In our main examples, the fact that relations among the elements of U and their
derivatives do not exist below a certain weight is a consequence of Weyl’s second funda-
mental theorem of invariant theory for the classical groups [70].

4. Orbifolds of free field algebras

By a free field algebra, we mean any vertex algebra V = H(n) @ F(m) ®@ S(r) @ A(s)
for integers m,n,r,s > 0, where B(0) is declared to be C for B = #H,S, F, A. Building
on our previous work, we establish the strong finite generation of V¢ for any reductive
group G C Aut(V) which preserves the tensor factors of V. Our description of these
orbifolds is ultimately based on a classical theorem of Weyl (Theorem 2.5A of [70]). Let
Vi = C" for k > 1, and let G C GL(n), which acts on the ring Sym @, -, Vi. For all
p > 1, GL(p) acts on @}_, Vi and commutes with the action of G. There is an induced
action of GL(00) = limy_,oc GL(p) on @, Vi, so GL(c0) acts on Sym @, Vi and
commutes with the action of G. Therefore GL(co0) acts on R = (Sym D~ Vi )€ as well.
Elements 0 € GL(oc0) are known as polarization operators, and given f G_R, o f is known
as a polarization of f.

Theorem 4.1. R is generated by the polarizations of any set of generators for
(Sym @ _, Vi)€. Since G is reductive, (Sym@®,_, Vi) is finitely generated, so there
exists a finite set {f1,..., fr}, whose polarizations generate R.

As shown in [18] (see Theorem 6.4) there is an analogue of this result for exterior
algebras. Let S = (A@,~, V)¢ and let d be the maximal degree of the generators of
(Sym &, _, Vi)€. Then S is generated by the polarizations of any set of generators for
(A @Z:l Vi.)€. In particular, S is generated by a finite number of elements together with
their polarizations. By a similar argument, the same holds for rings of the form
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7= (Sym@ Vi) @ (AP W),

E>1 k>1
where V, = C", Wi, = C™, and G C GL(n) x GL(m) is any reductive group.

Theorem 4.2. Let V = H(m) @ F(n) @ S(r) ® A(s) for integers m,n,r,s > 0, and let
G C O(m) x O(n) x Sp(2r) x Sp(2s) be a reductive group of automorphisms of V that
preserves the factors H(m), F(n), S(r), and A(s). Then V is strongly finitely generated.

Proof. Note that V = gr(V) as G-modules, and

gr(V) = g(V)¢ = (Sym@P V) @ (AP V) @ (Sym P wy) @ (AP Wi)©

=0 Jj=0 Jj=0 J=0

as supercommutative rings. Here V; = C™, V; = C", W; = C?", W, = C*.

By a general theorem of Kac and Radul [48] (see also [24] for the case of compact G),
for each of the vertex algebras B = H(m), F(n),S(r), A(s), we have a dual reductive
pair decomposition

B= P Llv)e M,

veH

where H indexes the irreducible, finite-dimensional representations L(v) of Aut(B), and
the M"’s are inequivalent, irreducible, highest-weight BA™(B)_-modules. Therefore

Ve @ L)@ L(p) ® L(7) @ L(§) @ M"Y @ M* @ MY @ M°,
[NTRN

where L(v), L(u), L(7y), and L(¢) are irreducible, finite-dimensional modules over O(m),
O(n), Sp(2r) and Sp(2s), respectively, and M¥, N# M7 and M? are irreducible, highest-
weight modules over H(m)°(™) F(n)O) S(r)SPC) and A(s)5P(>*) respectively. An
immediate consequence whose proof is the same as the proof of Lemma 14.2 of [64] is that
V& has a strong generating set which lies in the direct sum of finitely many irreducible
modules over H(m)°™ @ F(n)°™ @ S(r)5PC) @ A(s)SP(29),

By Theorem 9.4 of [64], S(r)5P") is of type W(2,4,...,2r? 4+ 4r) and has strong
generators

T

@t = 3 Z ( D QIR (82k+1ﬂ1)’yl : ), E=0,1,...,7%+2r —1. (4.1
i=1

By Theorem 11.1 of [64], F(n)°™ is of type W(2,4,...,2n) and has strong generators

n

~ 1 . )
2k+1 __ . 41 92k+1 40, —
j 7755 LG k=0,1,...,n— L.

=1
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By Theorem 3.11 of [18], A(s)P(?%) is of type W(2,4,...,2s) and has strong generators

S

1 i i i\ pi
ka:§Z(:682kf c (0N f), k=0,1,...,s—1.

i=1

In [62], it was conjectured that H(m)°(™ is of type W(2,4, ..., m?+3m), and has strong
generators

m
o 1
2’“:2#82’“@’ : k:o,1,...,§(m2+3m—2).

In [63] this was proven for m < 6. Although this conjecture was not proven for m > 6,
it was shown that for all m, H(m)°(™ has strong generators {;j2¢| 0 < k < K} for some
K > i(m?+3m-2).

For any irreducible H(m)°™) @ F(n)°™ @ S(r)5*(") @ A(s)%P(2*)-submodule M of
V with highest-weight vector f = f(z), and any subset S C M, define Mg to be the
subspace spanned by the elements

WL Waln e Vi e Gaa s

(4.2)
wi € H(m)P™ | v e F)°™ | e S(r)SPRY . ¢ e A(s)%?) aeS.

By the same argument as Lemma 9 of [61], there is a finite set S of vertex operators of
the form

52 () 32 () ) - T B ) - P () (1)

2 (lw)fa

such that M = Mg. In this notation

720 € H(m)O™ | 0< hy < 2a; < K,

j2tt e F(n)O™m) 0<j;<2b+1<2n—1, 3
@it e S(T)Sp(2’ 0<hi <2c+1<2?+4r—1, '
QjEA()Sp 0<; <2d; <2s—2.

In fact, this is equivalent to the Cj-cofiniteness of all irreducible H(m)°™ @ F(n)°" @
S(r)%PC1) @ A(s)SP(2%)_submodules of V, according to Miyamoto’s definition [67]. Com-
bining this with the strong finite generation of each of the vertex algebras H (m)°(™),

F(n)Om)  S(r)SPr) and A(s)SP(2%) | completes the proof. O
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5. Orbifolds of affine vertex superalgebras

In [62] it was shown that for any Lie algebra g with a nondegenerate form B, and
any reductive group G of automorphisms of V¥(g, B), V¥(g, B)¢ is strongly finitely
generated for generic values of k. In this section, we extend this result to the case of
affine vertex superalgebras. Let g = go @ g1 be a finite-dimensional Lie superalgebra
over C, where dim(go) = n and dim(g;) = 2m, and let B be a nondegenerate form on g.
Let V be the deformable vertex algebra over F = Fy for K = {0} from Example 3.1,
such that V*(g, B) =2 V/(k — Vk), and V>®° = limy o V = H(n) ® A(m). Define the
map ¢ : V — V= by

K—00

w(ZcT(H)mr(af")) = Zcrmr(oz&)7 cr = lim ¢, (k). (5.1)

In this notation, m,.(a%) is a normally ordered monomial in &a®, and m,(a) is ob-
tained from m,(a%) by replacing each a® with af. This map is easily seen to satisfy

1[)((.() On V) = ¢(W) On 7/}(1/)’ (52)

for all w,v € V and n € Z.
Note that ) has a good increasing filtration, where V4 is spanned by normally ordered

+
monomials in d'a® and 8'a”i of degree at most d. We have isomorphisms of d-rings

g(V) = Fac  Sym@P V) Q (AP W;) = Face(V>), V;=gy, W; =g

Jj=0 =0

The action of G on V preserves the formal variable x, and we have
g(V) 2g(V)9 2 Foec R F @cgr(V)C = F ¢ gr(VX)%),
where R = ((Sym D,>0Vi) ND;>0 Wj))G. Finally, V¢[w] is a free F-module and
rankp (VE[w]) = dime ((V>)%[w]) = dime(V*(g, B)[w])

for all w > 0 and k € C.
Fix a basis {1, ...,&n,1} for V}, which corresponds to

{0la®r, ..., d'ab} C Y, {dlafr, ..., d'asn} C V>,

respectively. Similarly, fix a basis {nlil, e ,ni .} for Wy corresponding to

{Blanli,...,ala"*iﬂ} cV, {Bloz"li,...,ala"i} cy=,
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respectively. The ring R is graded by degree and weight, where &; ;,..., &1, nfl, . ,ni,l
have degree 1 and weight [+ 1. Choose a generating set S = {s;| i € I'} for R as a d-ring,
where s; is homogeneous of degree d; and weight w;. We may assume that S contains
finitely many generators in each weight. We can find a corresponding strong generating
set T = {t;| i € I} for V&, where

ti € (V) () ba,(t)) =1®s; € F@c R.

Here ¢a, : (V) 4y = V)a)/ (V) @—1) € gr(VY) is the usual projection. In par-
ticular, the leading term of ¢; is a sum of normally ordered monomials of degree d; in
the variables a®:, a”fi and their derivatives, and the coefficient of each such monomial is
independent of k. Let u; = 1(t;) € (V)¢ where 1 is given by (5.1), and define

(VE)> = (U) € (v*)©, (5:3)

where (U) is the vertex algebra generated by {w;| ¢ € I'}. Since {t;| i € I} strongly
generates V¢ and closes under OPE (possibly nonlinearly), it follows from (5.2) that
{u;| i € I'} also closes under OPE and strongly generates U.

Fix w > 0, and let {m, ..., m,} be a set of normally ordered monomials in ¢; and their
derivatives, which spans the subspace V¢ [w] of weight w. Then (V) [w] is spanned by
the corresponding monomials p; = ¢ (m;) for I = 1,...,r, which are obtained from m,
by replacing t¢; with u;. Given normally ordered polynomials

P(ui) =Y ey € V)],  P(t)=>_ alk)m € Vi[w],
=1

=1

with ¢; € C and ¢;(k) € F, we say that P(t;) converges termwise to P(u;) if

lim ¢(k) = ¢, l=1,...,r
K—r 00
In particular, P(ti) converges termwise to zero if and only if lim, o ¢;(k) = 0 for

l=1,...,r.

Lemma 5.1. For each normally ordered polynomial relation P(u;) in (V&)> of weight m
and leading degree d, there exists a relation P(tl) € VY of weight m and leading degree d
which converges termwise to P(u;).
Proof. We may write P(u;) = 22:1 P*(u;), where P*(u;) is a sum of normally or-
dered monomials p = : dtuy, - &tuy,: of degree a = d;, + -+ + d;,. The leading
term P?(u;) corresponds to a relation in R among the generators s; and their deriva-
tives, i.e., P4(s;) = 0. It follows that P4(t;) € (V) 4—1). Since P*(u;) € ((V)>) (4 for
a=1,...,d—1, we have P(t;) € (V¥)(4_1). Since {t;] i € I'} strongly generates V%, we



T. Creutzig, A.R. Linshaw / Journal of Algebra 517 (2019) 396438 417

can express P(t;) as a normally ordered polynomial Py(t;) of degree at most d — 1. Let
Q(t;) = P(t;) — Po(t;), which is therefore a relation in V¥ with leading term P%(t;).

If Py(t;) converges termwise to zero, we can take P(t;) = Q(t;) since P(t;) converges
termwise to P(u;). Otherwise, Py(t;) converges termwise to a nontrivial relation Pj(u;)
in (V) of degree at most d — 1. By induction on the degree, there is a relation P (t;)
of leading degree at most d — 1, which converges termwise to P;(u;). Finally, P(t;) =
P(t;) — Po(t;) — Pi(t;) has the desired properties. 0O

Corollary 5.2. (VF)>* = (V*)¢ = (H(n) @ A(m))€. In particular, V is a deformable
family with limit (H(n) ® A(m))%.

Proof. Recall that rankp(V¢[w]) = dimc((V>®)%[w]) for all w > 0. Since (V&)> C
(V)€ it suffices to show that rankz(V%[w]) = dime((V¥)*[w]) for all w > 0. Let
{m1,...,m,} be a basis for V¥[w] as an F-module, consisting of normally ordered mono-
mials in ¢; and their derivatives. The corresponding elements p; = ¢(my) for i =1,...,r
span (V¥)>*[w], and by Lemma 5.1 they are linearly independent. Otherwise, a nontrivial
relation among 1, . .., 4, would give rise to a nontrivial relation among my,...,m,. O

Theorem 5.3. V*(g, B)€ is strongly finitely generated for generic values of k.

Proof. Since K = {0}, this is immediate from Theorem 4.2 applied to ¥V = H(n) ® A(m)
and Corollaries 3.3, 3.5 and 5.2. O

Theorem 5.4. Let V = H(m) @ F(n) ® S(r) ® A(s) be a free field algebra and let g be a
Lie superalgebra equipped with a nondegenerate form B. Let G be a reductive group of
automorphisms of VRV ¥ (g, B) which preserves each tensor factor. Then (V@V*(g, B))¢
is strongly finitely generated for generic values of k.

Proof. We have
Jim Ve Vk(g,B) =V @ H(n) @ A(m),
where n = dim(go) and m = 1dim(g;), and
Jim (Ve VE(g, B)S = (Ve Hn) ® Am)°.

Clearly G preserves the tensor factors, so the claim follows from Theorem 4.2 and Corol-
laries 3.3 and 3.5. O

6. Cosets of V*(g, B) inside larger structures: generic behavior

Let g be a finite-dimensional reductive Lie algebra, equipped with a nondegenerate
symmetric, invariant bilinear form B. Let A* be a vertex (super)algebra whose structure
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constants depend continuously on k, admitting a homomorphism V*(g, B) — A*. Many
cosets of the form

Com(V*(g, B), A¥)

have been studied in both the physics and mathematics literature. One class of examples
is

AP = Vg, B,

where g’ is a Lie (super)algebra containing g, and B is a nondegenerate, (super)symmetric
invariant form on g’ extending B. Another class of examples is

Ak _ Vk_l(gl,B/) ®]:,

where g’ and B’ are as above and F is a free field algebra admitting a map ¢ :
Vl(g, B) — F for some fixed | € C. We require that the action of g on F integrates
to an action of a connected Lie group G whose Lie algebra is g, and that G pre-
serves the tensor factors of F. The map V*(g,B) — AF is just the diagonal map
X&i— XS @14+ 1® ¢(X5).

To construct examples of this kind, we recall a well-known homomorphism

T V71/2(5p2n) — S(n).

In terms of the basis {e; ;|1 < i < 2n, 1 < j < 2n} for gly,, a standard basis for spo,,
consists of

€ ktn + €k jtn, —€jtnk — Chktn,js €5k — Entk,ntj 1<j,k<n.
Define 7 by
XCiktnterjtn y I’Yj’}/k : X CitnkTCktn,g :Bjﬂk :, X €k Cntknti :Vjﬁk .
(6.1)

This map is well known to factor through the simple quotient L_,5(sp2,). Also, the
span-action coming from the zero modes {X¢(0)| ¢ € spa,} integrates to the usual
action of Sp(2n) on S(n).

There is a similar homomorphism

o:Vi(so,) — F(m)

which factors through the simple quotient L;(s0,,), and whose zero mode action inte-
grates to SO(m). If g is any reductive Lie algebra which embeds in spa,, and Bj is the
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restriction of the form on spy, to g, we obtain a restriction map 74 : V1(g, B1) — S(n).
Similarly, if g embeds in so0,, we obtain a restriction map o4 : V(g, B2) — F(m), where
By is the restriction of the form on so,, to g. We have the diagonal map

Vi(g, By + By) — S(n) @ F(m), XS (XS @ 14+ 1@ aq(X9).

The action of g coming from the zero modes integrates to an action of a connected Lie
group G with Lie algebra g, which preserves both §(n) and F(m).
Finally, we mention one more class of examples

Alc _ kal(g/,B/) ® Vl(g”,B”).

Here g” is another finite-dimensional Lie (super)algebra containing g, equipped with a
nondegenerate, invariant, (super)symmetric bilinear form B” extending B. As usual, the
map V¥*(g, B) — A is the diagonal map X& - X% @ 14+ 1® X&. If VI(g”, B") is not
simple, we may replace V!(g”, B") with its quotient by any nontrivial ideal in the above
definition.

In order to study all the above cosets from a unified point of view it is useful to
axiomatize AF.

Definition 6.1. A vertex algebra AF with structure constants depending continuously
on k, which admits a map V*(g, B) — A* will be called good if the following conditions
hold.

(1) There exists a deformable family A defined over Fi for some (at most countable)
subset K C C containing zero, such that A* = A/(x — Vk). Letting V be as in
Example 3.1, there is a homomorphism V — A inducing the map V*(g, B) — AF
for each k with vk ¢ K.

(2) For generic values of k, A* admits a Virasoro element L and a conformal weight
grading A* = @, A"[d]. For all d, dim(A*[d]) is finite and independent of k.

(3) For generic values of k, A* decomposes into finite-dimensional g-modules, so the
action of g integrates to an action of a connected Lie group G having g as Lie
algebra.

(4) We have a vertex algebra isomorphism

A¥ = lim A=H(d) @A d=din(g).
Here A is a vertex subalgebra of lim,_, A with Virasoro element LA and N-grading
by conformal weight, with finite-dimensional graded components. Also, the action of
G on A™ preserves A.
(5) Although L§ need not act diagonalizably on A*, it induces a grading on A* into
generalized eigenspaces corresponding to the Jordan blocks of each eigenvalue. In
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general, these generalized eigenspaces can be infinite-dimensional. However, any
highest-weight V*(g, B)-submodule of A* has finite-dimensional components with
respect to this grading for generic values of k.

Remark 6.2. Since the V*(g, B)-submodules of A* have finite-dimensional L§ general-
ized eigenspaces, simple quotients of such modules must be simple quotients of Weyl
modules. Generically, Weyl modules are already simple and in that case do not allow
for nontrivial extensions by [55]. In other words, generically V*(g, B) acts completely
reducibly on AF, so

Ar = @B VFO) @ k),

AeP+

as a V¥(g, B)®Com(V*(g, B), A¥)-module. Here P* denotes the set of dominant weight
of g, V¥()\) are the Weyl modules, and C¥()\) the multiplicity spaces, which are modules
for the coset Com(V*(g, B), A¥).

For a fixed A, V¥(\) ® C*()) is graded by conformal weight. The field ¢ of a vector of
minimal weight has the property that the OPE with a strong generator a of V¥(g, B) ®
Com(V*(g, B), A*) has no poles of order higher than the conformal weight A of a. This
minimal-weight property does not change upon specializing to any specific value of k.

Suppose that dim(g) = d and g’ = g{ ® g} where dim(g)) = n, dim(g}) = 2m, and
n > d. It is not difficult to check that the above examples

Ak — Vk(gl,B/), Ak: _ Vk_l(g/,B/) ®]_~’ Ak _ Vk_l(g/,B/) ® Vl(g”,BH)7
are good according to Definition 6.1. For A* = V¥(g/, B"), we have
A= H(n—d) @ A(m). (6.2)

Similarly, for A* = V¥~!(¢/, B') ® F, we have

A= H(n—d)® A(m) @ F. (6.3)

Finally, for A* = V¥=!(g’, B") @ Vi(g", B"), we have

A= H(n—d) @ Am) @ Vi, B"). (6.4)

Also, VF=l(g', B) @ V!(g", B") remains good if we replace V!(g”, B") by its quotient by
any ideal, and (6.4) holds if we replace V!(g”, B") with its quotient by the ideal.

Let A* be an Fg-vertex algebra which is good as above, and let A and V be the
deformable families with A* = A/(k — Vk) and V¥(g, B) = V/(k — Vk) for Vk ¢ K.
Let
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C = Com(V, A), (6.5)
which is an Fg-vertex algebra with Virasoro element
L¢ =LA — L9,

where LA and L9 are the Virasoro elements in A and V, respectively. For all k such that
Vk ¢ K, define

¢k =c/(k—Vk). (6.6)

By abuse of notation, we use the same symbol L€ = LA — L% to denote the Virasoro
element of C*, where L* and L8 are now the Virasoro elements in .A* and V*(g, B),
respectively. Under the isomorphism A = lim,_,+, A = H(d) ® A, we have

d
1 _
; g_7H _ = A Ein i : A _ TH A
th L L™ = 5 E_l attast khm L =L"+L".

If A is a deformable family and G C Aut(.A) is a reductive group of automorphisms,
A€ is also a deformable family and A% /(k — Vk) = (A*)E whenever vk ¢ K. However,
it is not clear a priori that C is a deformable family (i.e., C[n] is a free Fi-submodule of
A[n] for all n > 0), or that for Vk ¢ K, we have

C* = Com(V*(g, B), A"). (6.7)

Clearly C*¥ C Com(V*(g, B), A*) and (6.7) holds generically, but unlike the case of
orbifolds, (6.7) need not hold for all vk ¢ K. For example, let g be simple, B the
normalized Killing form, A* = V¥(g), A =V, and K = {0}. Then C = Com(V, V) = C1,
but at the critical level k = —hY, Com(V~""(g),V~""(g)) is the Feigin Frenkel center
of V=1 (g).

Our first task is to determine the possible values of k for which C¥ # Com(V*(g, B),
A¥), and in the process we will show that C is indeed a deformable family. For the
moment, we assume that g is simple and that B is the normalized Killing form, so
Vk(g, B) = V¥(g). Next, we introduce another Fi-vertex algebra

K = Ker(L§) N A°.

Here G is a connected Lie group with Lie algebra g acting on A, as in Definition 6.1. We
clearly have C C K. We let

K:k :’C/(K_\/E)7

and let Q<o denote the set of nonpositive rational numbers.
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Lemma 6.3. If Vk ¢ K and k +h" ¢ Q<o,
KF = Ker i (L8) N (AF)C.

In particular, the graded character of KF is independent of k, for all k such that k+h" ¢
Q<o-

Proof. Clearly K* C Ker 4« (L§) N (A*)¢. All Weyl modules of g are at generic level
completely reducible (Remark 6.2), and hence L§ acts semisimply on .A. In particular,
Ker4(L§) is already the generalized eigenspace of eigenvalue zero. Furthermore, the
action of G clearly preserves the graded subspaces of A and the G-invariant space is
again a free Fx-module.

C;j(hl\f) + n for

a non-negative integer n, where Cas(M) is the Casimir eigenvalue on an irreducible
Cas(M)
k+hY
representation and n = 0, or if k + h" is a negative rational number. Hence for k + h" ¢

Q<o, we have K* D Ker 4+ (L§) N (AF)E. O

The generalized Lf-eigenvalues on A* all have to be of the form

representation M of g. In particular, 4+ n = 0 is only possible if M is the trivial

We have actually just proven

Corollary 6.4. If Vk ¢ K and k+h" ¢ Q<q then KF = Ker 4« (L) and L acts semisim-
ply on the generalized eigenspace of eigenvalue zero in AF.

Corollary 6.5. K is a deformable family, that is, each weight-graded space K[n] is a free
Fx -submodule of Aln].

Lemma 6.6. If Vk ¢ K and k+h"Y ¢ Q<o,
Com(V*(g), A*) = Ker 4 (L3).

Proof. Clearly any w € Com(V*(g), A*) is annihilated by L§. Conversely, suppose that
w € Ker 4k (L§). Since w € (A*) by Corollary 6.4, if w ¢ Com(V*(g), A*), then X& o,
w # 0 for each i = 1,...,d. We will show that such an w cannot exist if k + 1" ¢ Q<.

Recall that A* is N-graded by conformal weight (i.e., Lg'-eigenvalue). Write w as a
sum of terms of homogeneous weight, and let m be the maximum value which appears.
Let g, C g be the Lie subalgebra generated by the positive modes {X¢(k)| ¢ € g, k > 0}.
Note that each element of U(g.) lowers the weight by some k > 0, and the conformal
weight grading on U(gy) is the same as the grading by L{-eigenvalue. An element x €
U(gy) of weight —Fk satisfies x(w) € A, —. Also, x(w) lies in the generalized eigenspace
of L§ of eigenvalue —k, and z(w) = 0 if k > m.

It follows that U(g. )w is a finite-dimensional vector space graded by conformal weight.
In particular, the subspace M C U(gy)w of minimal weight m is finite-dimensional.
Hence it is a finite-dimensional g-module, and is thus a direct sum of finite-dimensional
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highest-weight g-modules. Moreover, U(g,) acts trivially on M. Since g is simple and
L? is the Sugawara vector at level k, the eigenvalue of L§ on M is given by

a1 Cas(M)

ol = FE (6.8)

In fact, each irreducible summand of M must have the same L§ eigenvalue and hence
the same Casimir eigenvalue. This is a rational number. The L§ eigenvalue on M must
actually be a negative integer r, with —m < r < —1. This statement and (6.8) can only
be true for rational values of k < —hY. O

Corollary 6.7. C is a deformable family over F, and if Vk ¢ K and k + h" ¢ Q<o, we
have C* = Com(V*(g), A¥).

Proof. Since C* = Com(V*(g), A*) = Kerx(L§) = K* for generic values of k, we
obtain C = K as vertex algebras over Fx. Since K is a deformable family over F, so
is C. Therefore C* = ¥ for all k with V& ¢ K. Finally, since

KF = Ker 4+ (L8) = Com(V*(g), A¥)
for k + hY ¢ Q<o, the claim follows. 0O
We now return to the situation where g is reductive and B is nondegenerate.

Corollary 6.8. Suppose that g is reductive and the restriction of B to each simple ideal
g; C g is the normalized Killing form on g;. Then C is a deformable family over Fx and
CF = Com(V*(g, B), A) for all k such that k+hY ¢ Q<o, for alli. Here hY is the dual
Coxeter number of the g;.

Proof. For a one-dimensional abelian summand of g, the corresponding affine vertex
algebra is just the Heisenberg algebra H (1), and G = C*. For all k # 0, we have

Com(H (1), A*) = Ker(L¥) N (A*)C".

This is immediate from the fact that (1) acts completely reducibly on A, so that
(AF)C" 2 H(1) ® Com(H(1),.AF). The result then follows by induction on the number
of simple and abelian summands of g. O

Remark 6.9. If the restriction of B to g; is a nonzero constant \; times the normalized
Killing form on g;, the above statement must be modified as follows: C is a deformable
family over Fx and C* = Com(V*(g, B), A*) for all k such that kX; + h) ¢ Q<o, for
all 7.

Now we are able to give a precise description of the limit C*° = limy_,, C.
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Theorem 6.10. Let g, B, and A be as above. Then we have a vertex algebra isomorphism

lim C = AC.

K—00
Proof. The operator L acts on the (finite-dimensional) spaces A¥[n] of weight n and
commutes with G, so it maps (A*)%[n] to itself. By Lemma 6.6, C*[n] is generically the
kernel of this map. Let

¢ : A¥[n] = A%°[n] = (H(d) @ A)[n]
be the map sending w — limy_, o w, which is injective and maps C*[n] into A[n]. Then
®=¢oLj: (A)n] = (H(d) ® A)°[n]

also has kernel equal to C*[n]. It is enough to show that dim(Ker(®)) > dim(A%[n]).
Equivalently, we need to show that dim(Coker(®)) > dim(.A%[n]). To see this, note that
any element in the image of L§ is a linear combination of elements of the form : (9%a%)v:
for & € g and i > 0. Under ¢ these get mapped to : (0'a%)é(v):. In particular, each
term has weight at least one under L, so A%[n] injects into Coker(®). O

Let g be reductive and B nondegenerate, and suppose that A*, A, and G are as above.
Let U = {oy| i € I} be a strong generating set for A%, and let T = {a;| i € I'} be the
corresponding subset of C such that lim,_,., a; = ;. By Remark 6.9, there is a subset
of Q for which C* may be a proper subset of Com(V*(g, B), A*), but away from these
points C* = Com(V*(g, B), A*). By expanding K to include these points, we can regard
C as a deformable family such that C* = Com(V*(g, B), A*) for all k such that vk ¢ K.

Corollary 6.11. Let g be reductive and B nondegenerate, and suppose that A* is good.
Suppose that A is a tensor product of free field algebras and affine vertex algebras at
generic level, and the induced action of G on A preserves each tensor factor. Then
Com(V*(g, B), A¥) is strongly finitely generated for generic values of k.

Corollary 6.12. Let g be reductive and B nondegenerate. Let g’ be a Lie (super)algebra
containing g, equipped with a nondegenerate (super)symmetric form B’ extending B, and
let A =Vk(g',B"). Then

Com(V*(g, B),V*(g', B))

is strongly finitely generated for generic values of k.
Let F be a free field algebra admitting a map V'(g, B) — F for some fived |, and let
AF = VF=l(g' B"Y @ F. If the induced action of G preserves the tensor factors of F,

Com(V*(g,B),V* g/, B') ® F)

is strongly finitely generated for generic values of k.
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Finally, let g’ be another Lie (super)algebra containing g, equipped with a nondegen-
erate (super)symmetric form B" extending B, and let A¥ = VF=!(g’, B') @ V(g", B").
Then

Com(Vk(g7B), Vk_l(g/,B/) ® Vl(g”,B”))
is strongly finitely generated for generic values of both k and l.
7. Some examples

To illustrate the constructive nature of our results, this section is devoted to finding
minimal strong finite generating sets for Com(V*(g, B), .A*) in some concrete examples.
By abuse of notation, we shall denote Com(V*(g, B), A*) by C¥, since this equality holds
generically.

Example 7.1.Let g = spa, and let A* = VFF1/2(spy,) ® S(n). Using the map
V=12(spy,) — S(n) given by (6.1), we have the diagonal map V*(sps,,) — AF. Clearly

C* = Com(V*(span), A%)

satisfies C*° = S(n)SP(2) which is of type W(2,4, . .., 2n%+4n) by Theorem 9.4 of [64]. It
follows from Corollary 6.12 that for generic values of k, C¥ is of type W(2,4, ... ,2n2+4n).

It is well known [53] that S(n)SPCm) = L j»(sp2,)SP(?™) where L_; /5(sp2,) denotes
the irreducible quotient of V' ~1/2 (sp2n). We obtain the following result, which was con-
jectured by Blumenhagen, Eholzer, Honecker, Hornfeck, and Hubel (see Table 7 of [11]).

Corollary 7.2. For A¥ = VFt1/2(sp,,) ® L_1/5(sP2n), CF = Com(V*(spay), AF) is of
type W(2,4,...,2n2% + 4n) for generic values of k.

Example 7.3. Let g = spa, and A* = VF¥(osp(1|2n)). Then C*¥ = Com(V*(sp2n),
V¥ (0sp(1|2n)) satisfies limy, o, C* =2 A(n)SP™). Since A(n)5P(?™) is of type W(2,4,...,
2n) by Theorem 3.11 of [18], we obtain

Corollary 7.4. C* = Com(V*(spa,,), VE(0sp(1]2n)) is of type W(2,4, ... ,2n) for generic k.

In fact, by Corollary 5.7 of [18], A(n)SP(™) is freely generated; there are no nontrivial
normally ordered polynomial relations among the generators and their derivatives. It
follows that C* is freely generated for generic values of k.

Example 7.5. Let g = spa,, and A = VF+1/2(0sp(1]2n) @ S(n)). Then
CF = Com(V*(span), V¥~ 12 (0sp(1|2n) @ S(n)))

satisfies limy_,o, C* = (A(n) ® S(n))sp(%).
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Lemma 7.6. (A(n) ® S(n))*P?™) has the following minimal strong generating set:

n

. 1 in2kpi . i fi
]kai(;:ea%f.—l—.(a%e)f.), 0<k<n-1,

wtl = 1(2 DBk (9P )7 0<k<n-1, (7.1)

i=1

\V]

l\:Jlr—l

Z Zakfl._:/yiakei:)v 0§k§2n_1~

In particular, (A(n) ®S(n))5p(2") has a minimal strong generating set consisting of even

4n-+1

generators in weights 2,2,4,4,...,2n,2n and odd generators in weights 3 55 27 cey T

Proof. The argument is similar to the proof of Theorem 7.1 of [17], and some details are
omitted. By passing to the associated graded algebra and applying Weyl’s first funda-
mental theorem of invariant theory for Sp(2n), we obtain the following strong generating
set for (A(n) ® S(n))SPn);

%(Z (0% + 1 (9o f ), a,b >0,
i=1

%(Z (0B s — 1 (8°8D)0 Y ), a,b>0,

=1

(> ("B = (99" ), a,b>0.

i=1

l\')l»—l

As in Theorem 7.1 of [17], we use the relation of minimal weight to construct decoupling
relations eliminating all but the set (7.1). O

Corollary 7.7. For generic values of k, C* has a minimal strong generating set con-

sisting of even generators in weights 2,2,4,4,...,2n,2n and odd generators in weights
3 5 4n+41
515y

Let L = —j° + w! denote the Virasoro element of (A(n) ® S(n))SP™) which has
central charge —3n. Then L and p° generate a copy of the N = 1 superconformal
algebra with ¢ = —3n. Similarly, for noncritical values of k, L = LosP(1127) _ [ span 4 41
and p® generate a copy of the N = 1 algebra inside C*.

Example 7.8. Let g = gl,, and A* = V¥(gl(n|1)). In this case, C* = Com(V*(gl,), A*)
satisfies limy 00 C* = H(1) @ (A(n)S(™). By Theorem 4.3 of [18], A(n)S%(") is of type
W(2,3,...,2n+ 1) so C* is generically of type W(1,2,3,...,2n + 1).
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Example 7.9. Let g = gl,, and A* = V*(gl(n|1)) ®S(n). In this case, C* = Com(V*(gl,),
AF) satisfies limy_;00 C* =2 H(1) @ (A(n) ® S(n))GL),

Lemma 7.10. (A(n) ® S(n)) ™) has the following minimal strong generating set:

n n
wk =Y"refobft, =) gk 0<k<2n-—1,
i=1 i=1
n n
Vk':z:e’akvzz, ukzz-ﬂzakﬂ:, 0<k<2n-1.
i=1 i=1
The even genemtors are in weights 1,2,2,3,3,...,2n,2n,2n+ 1, and the odd generators
are in weights 3 515, g, %, ceey 4"2—“, 4"2—+1.

Proof. The argument is the same as the proof of Lemma 7.6. O

Therefore C* has a minimal strong generating set with even generators in weights
1,1,2,2,3,3,...,2n,2n,2n+1, and odd generators in weights 3,3, 3 2 4ntl dntl
for generic values of k. Note that (A(n) ® S(n))SH™) has the following N = 2 supercon-

formal structure of central charge —3n.

1
L=j'— §8j0 —w?, F=3° Gt =10, G~ =pub. (7.2)

For noncritical values of k, this deforms to an N = 2 superconformal structure on C*
given by

1
L=j' =500 + L et P,

n

C?'~':2::)(’7;'yi:7 G_:zn::ﬁiX";r:.
i=1

i=1

Example 7.11. Let g = gl,, and A* = V*71(sl,,11) ® E(n). There is a map V*~1(gl,) —
Vk=1(sl, 1) corresponding to the natural embedding gl,, — s, 1, and a homomorphism
V1(gl,) — &(n) appearing in [32], so we have a diagonal homomorphism V*(gl,,) — A¥.
Then C* = Com(V*(gl,), A*) satisfies hm,Hoo CF = (H(2n) x E(n))SM™) | where H(2n)
is the Heisenberg algebra with generators a!,...,a™ and a',...,a" satisfying

ai(z)&j(w) ~0; (2 — w)72, ai(z)aj(w) ~ 0, di(z)dj (w) ~ 0.

Lemma 7.12. (H(2n) x £(n))%*™) has a minimal strong generating set

n

:i:biakci:, wk:Z:aiakdi: 0<k<n-1,
i=1

i=1
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n

n
szz::biakai:, uk:Z:aiakci:, 0<k<n-1.

=1

In particular, (H(2n) x £(n))H™) has even generators in weights 1,2,2,3,3,...,n,n,
3 3 5 5 2n+1 2n-+1
1202 2 -

n+ 1, and odd generators in weights 3 IR

Proof. This is the same as the proof of Lemma 7.6. O

Therefore C* has a minimal strong generating set in the same weights for generic
values of k. Finally, (H(2n) x £(n))S%™ has an N = 2 superconformal structure given
by

1
L:fj1+§6j0—w0, F:j07 G+:Voa Gi:ﬂoa (73)

which deforms to an N = 2 superconformal structure on C*.

This example is called the Kazama—Suzuki coset [54] of complex projective space
in the physics literature. It is conjectured [43] to be a super W-algebra of sl(n + 1|n)
corresponding to the principal nilpotent embedding of sly. In Section 8, we will explicitly
determine the set of nongeneric values of k in the case n = 1. As a consequence, we will
describe Com(H (1), L*(sly) ® £(1)) for all admissible levels k, and prove its rationality.

Example 7.13. Let g = sl, and A* = V*71(sl,) ® Li(sl,). Note that Li(sl,) =
Com(H,E(n)) where H is the copy of the rank one Heisenberg algebra generated by
S s bict: and E(n) is the rank n be-system. Then C* = Com(V*(sl,), A*) satisfies

lim C* 2 Ly (sl,)5%"™ = Com(#H, &(n))SH™

k—o0

=~ Com(#, £(n)3™) = Com(H, €(n)SH™).

By [32], £(n)SM™ =W, o, =2 W(gl,) so limy_,o, C* = W(sl,,) and hence is of type
W(2,3,...,n). Therefore C* is generically of type W(2,3,...,n).

More generally, let g be any simple, finite-dimensional, simply laced Lie algebra. The
action of g on L1(g) integrates to an action of a connected Lie group G with Lie algebra g,
and it is known that L;(g)“ is isomorphic to the W-algebra W(g) associated to the
principal embedding of sly in g, with central charge ¢ = rank(g) [9,13,34]. Let A* =
VF=1(g) ® Li(g), equipped with the diagonal embedding V*(g) — AF. Then C¥ =
Com(V*(g), A*) satisfies

lim C* = L,(g)®.

k—o0
It follows that C* has strong generators in the same weights as W(g) for generic values
of k. However, the much stronger statement that C* is isomorphic to W(g) for generic
values of k has now been established in [6].
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Example 7.14. Let g = so,, and let A* = V¥~1(s0,,) ® L;(s0,). We have a projection
V1(s0,) — Li(s0,), and a diagonal map V¥(s0,,) — AF. In this case we are interested
not in C*¥ = Com(V*(s0,),.A%) but in the orbifold (C*)%/?%~. Note that Z/27Z acts on
each of the vertex algebras V¥(so,,), V¥~ 1(s0,) and L;(s0,); the action is defined on
generators by multiplication by —1. There is an induced action of Z/27Z on C*. We have
isomorphisms

lim ((C*)%/?%) = Tim (C*)/? = (L, (s0,,)S00) %>

k—o0 k—o0

= Li(50,)0") 2 F(n)°)

This appears as Theorems 14.2 and 14.3 of [53] in the cases where n is even and odd, re-
spectively; in both cases, L (50,,)3°(™ decomposes as the direct sum of F(n)°) and an
irreducible, highest-weight F(n)°(™-module. Since F(n)°™ is of type W(2,4,...,2n),
the following result, which was conjectured in Table 7 of [11], is an 1mmedlate conse-

quence.

Corollary 7.15. limg_,o. (C*)2/?% is of type W(2,4,...,2n), so (C*)2/?2 is of type
W(2,4,...,2n) for generic values of k.

Example 7.16. Let g = so,, and let A* = V*71(s0,,41) ® F(n). Recall that we have
a map V1(s0,) — F(n), so we have a diagonal map V*(s0,) — A¥. As above, there
is an action of Z/2Z acts on each of the vertex algebras V*(s0,), V*~1(s0,41) and
F(n), and therefore on C*, and we are interested in the orbifold (C*)%/?%. We have
€ = (H(n) ® F(n))>°", and (C>)?/** = (H(n) @ F(n))°™.

Lemma 7.17. (H(n) ® F(n))°"™ has the following minimal strong generating set.

w2k+1:Z:¢i62k+l¢i 5 j2k:Z:aia2kai 5 0<k<n—1,
i=1 i=1
uk:Z:aiakqﬁi:, 0<k<2n-—1.
i=1

In particular, (H(n) @ F(n))°™ has even generators in weights 2,2,4,4,...,2n,2n and
4n+1
e

odd generators in weights %, %, ceey
The proof is the same as the proof of Lemma 7.6, and it implies that (C*)%/?% has

strong generators in the same weights for generic values of k. Moreover, (7—[( )®f (n))©¢

has an N = 1 superconformal structure with generators L = —w® 4+ 1 ] and p°, which

deforms to an N = 1 structure on (C*)%/?Z.

Example 7.18. Let g be a simple, finite-dimensional Lie algebra of rank d with Cartan

subalgebra h. For a positive integer k, the parafermion algebra Ni(g) is defined to be

Com(H(d), Li(g)), where H(d) is the Heisenberg algebra corresponding to b and L(g)
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is the irreducible affine vertex algebra at level k. The coset C*(g) = Com(H(d), V*(g))
is defined for all k¥ € C, and for a positive integer k, N(g) is the irreducible quotient
of C¥(g) by its maximal proper ideal. In the case g = sly, it follows from Theorems 2.1
and 3.1 of [23] that C*(sly) is of type W(2, 3,4, 5) for all k # 0. This was used to establish
the Cy-cofiniteness of Ni(slz) for positive integer values of k, and plays an important
role in the structure of Nj(g) for a general simple g [7].

For any simple g of rank d, a choice of simple roots give rise to d copies of sl, inside g
which generate g. We have corresponding embeddings of W(2, 3,4, 5) into C*(g), whose
images generate C*(g) [26]. However, these do not strongly generate C*(g). Corollary 6.12
implies that C*(g) is strongly finitely generated for generic values of k for any simple g.
We shall construct a minimal strong generating set for C¥(sl3) consisting of 30 elements.

We work in the usual basis for sl3 consisting of {{;;] ¢ # j} together with {&;; —&;4+1,i+1}
for i = 1,2. We have limy_,o, VF(sl3) = H(2) ® A where A = H(6) with generators

12 .23 13 21 .32

al? o, a3, 0%, a2, a3t After suitably rescaling, these generators satisfy

a'?(2)e® (w) ~ (z—w) 2, a®(2)a® (w) ~ (z—w) 72, a3 (2)a (w) ~ (z—w) 72

Note that H(6) carries an action of G = C* x C* which is infinitesimally generated by
the action of h.

Lemma 7.19. 7—[(6)G is of type W(23,3% 47 59 64,72). In other words, a minimal strong
generating set consists of 3 fields in weight 2, 5 fields in weight 3, 7 fields in weight 4,
9 fields in weight 5, 4 fields in weight 6, and 2 fields in weight 7.

Proof. By classical invariant theory, H(6)“ has a strong generating set consisting of the

normally ordered monomials

12 _ . 5i 12455 21 13 _ . 5i 1395 31, 23 _ . 4i 239532 . o
g5 =:0a"da” q;;=:0a"da” g =:0a”da"" i,§ >0,

cijr=:0a?97a®ok a3 Cijp=: a7k a3 i,5,k > 0. (7.4)

Not all of these generators are necessary. In fact, {q621| 0 <i<3}, {qg?” 0<i<3},
and {q(l)‘?ﬂ 0 < i < 3} generate three commuting copies of W(2,3,4,5), and all the above
quadratics lie in one of these copies. Similarly, we need at most {c; j x, ¢} ; ;| 4,7,k < 2}.
This follows from the decoupling relations
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12 12 ¢ . .
P00k P T 4000k P T g G2k i1, j,k=0,

23 23 J , ,
S40.0Cig5k - — 1 QG 0Ci0k T = _mci,j-ﬂ,h Jj=1, i,k >0,
.31 .31 . k .
Fo,0Cigk T 40050 TS T Gkt 2, k=1, i,j >0,

Z_ (7.5)

Y - B R / .
FG0,0Ci gk T G500k T T T Gk i>1, J k>0,
.32 7 . .32 R .7 / . .
FO0Cigk T GGk T T G T2 k>0,
.13 . .13 R k / E>1 i >0
$40,0C 5,k ¢ — 1 49,0C,50 = okt 4 4Ci,j,k+2a =1 2,7 = 0.

There are some relations among the above cubics and their derivatives, such as dcg 0,0 =
€1,0,0 + €0,1,0 + €o,0,1- It is not difficult to check that a minimal strong generating set for
H(6)€ consists of

{03 9655 @03 0 <0 < 3} U {coim, okl 0 < jik <23
In particular, H(6)¢ is of type W(23,3%,47,5%,64,72). O
Corollary 7.20. For generic values of k, C*(sl3) is also of type W(23,3°,47, 5 64,72).

A similar procedure will yield minimal strong generating sets for C*(g) for any simple
g when k is generic.

8. Cosets of simple affine vertex algebras inside larger structures

Let A* be a vertex algebra depending on a parameter k with a weight grading by
Z>g, such that all weight spaces are finite-dimensional. Let g be simple and assume
that A* admits an injective map V*(g) — A*, and let C¥ = Com(V*(g), A*) as before.
Suppose that k is a parameter value for which A* is not simple. Let Z be the maximal
proper ideal of A* graded by conformal weight, so that A, = A¥/Z is simple. Let J
denote the kernel of the map V¥(g) — A, and suppose that J is maximal so that
V¥*(9)/TJ = Li(g). Let

Cr = Com(Lk(g), Ax)
denote the corresponding coset. There is always a vertex algebra homomorphism
7 CF — Ck,

but in general this map need not be surjective. Of particular interest is the case where k
is a positive integer and Ay is Ca-cofinite and rational. It is then expected that Cp will



432 T. Creutzig, A.R. Linshaw / Journal of Algebra 517 (2019) 396438

also be Cy-cofinite and rational. In order to apply our results on C* to the structure of
Cr, we need to determine when 7y is surjective, so that a strong generating set for C*
descends to a strong generating set for Cy.

Theorem 8.1. Suppose that 'k ¢ K, k+hY is a positive real number, and all zero modes
of the currents of the Cartan subalgebra b C g in V*(g) act semisimply on A*. Then
7 1 CF — Cy is surjective.

Proof. First, A* decomposes into a direct sum of indecomposable V*(g) ® C*¥ modules,
and this sum is bigraded by the conformal weights of the two conformal vectors. Each
bigraded subspace is finite-dimensional since the two conformal weights add up to the
total one, and that weight space is finite-dimensional.

Thus every such indecomposable V*(g)-module M appearing in .A¥ must have finite-
dimensional lowest weight subspace. Since the zero modes of the Heisenberg subalgebra
corresponding to h act semisimply, M must be a subquotient of a finite direct sum of
Weyl modules, each of which is induced from an irreducible, finite-dimensional g-module
with highest weight A. The conformal dimension of such a module is given by

(A+plA)
2(k + hY)

and hence the vacuum module has lowest possible conformal dimension. It follows that
CF = Ker 4x(L§) and C, = Ker g, (L§). By Corollary 6.4, L§ acts semisimply on the
generalized L{-eigenspace of eigenvalue zero in AF. Tt follows that Ker ax(LY) surjects
onto Ker 4, (L§). O

This theorem applies in particular to the case where g is simple and simply laced, and
AF = V*~1(g)® L1 (g). Recall that in this case a level k is called admissible provided it is
rational and k+hY > % for a positive integer u coprime to the dual Coxeter number h".
In this case the simple affine vertex algebra Lj11(g) is a subalgebra of Li(g)® L1(g) [52].
We thus obtain the following result, which was used in the coset realization of simple

W-algebras at admissible levels [6].

Corollary 8.2. Let g be simple and simply laced, and A1 = V*(g) ® Li(g), and let
k be an admissible level for g. Let CkT1 = Com(V**1(g),V*(g) ® L1(g)) and Cri1 =
Com(Li+1(9), Lr(g) ® L1(g)). Then the map w1 : CKT1 — Cpyq is surjective.

Remark 8.3. If V*(g) is replaced by V*(g, B) where g is semisimple and B is a sum of
positive scalar multiples of the normalized Killing forms of the simple summands, a sim-
ilar statement to Theorem 8.1 follows by induction on the number of simple summands.
Furthermore, this can be generalized to the case where g is reductive since the analogous
theorem for cosets of Heisenberg algebras is also straightforward.
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8.1. The case of Com(V¥*(sps), V¥ (0sp(1]2)))

Fix even generators H, X* and odd generators ¢& for V*(osp(1]2))), satisfying

H(2)X*(w) ~ £XF(w)(z —w) ™, H(z)H(w) ~ 5(z —w)~?,
XT(2) X (w) ~ k(z —w) %+ 2H(w)(z —w) !,
H(z)¢* (w) ~ i%cﬁi(z —w) T XF(2)eT (w) ~ —¢ (w)(z —w)

1 _ _ k 51 _
R ) ~ L X @) —w) ()6 () ~ b (2 w) o S H () (z—w)
Let C* = Com(V*(sps), V¥ (0sp(1]2))), where V*(spy) is generated by H, X*. As in
Example 3.1, we may take K = {0}. By Corollary 7.4, for generic values of k, C* is

isomorphic to the Virasoro vertex algebra with ¢ = —%. The generator is
4 1 1+k
L=— ot —— ——(XTX" .4+ :HH: ———0OH.
73 7 @y + G

Note that the pole at k = —% is removable. If we rescale L by a factor of 2k + 3 and set
k= f%, the generator is well-defined but no longer satisfies the Virasoro OPE relation.

By Corollary 6.7, for all nonzero real numbers k > —2, C¥ coincides with the univer-
sal coset C (regarded as a vertex algebra over Fk), specialized to k = V'k. Therefore,
for all such values except for k = —%, C* is the universal Virasoro vertex algebra with
c= —%. Note that for k a positive integer, the map V¥ (sps) — V¥(0sp(1]2)))
descends to a map of simple vertex algebras Ly (sp2) — Ly (0sp(1|2))), since the singular
vector of V¥(sp,) is clearly also null in V*(0sp(1]2))). Suppose that the level is admissible,
that is k = —% + 22, with p > 1 and p’ coprime odd integers. Then a character com-
putation [14, Lemma 2.1] (see also [50]) reveals that the map V*(spy) — V¥ (0sp(1]2)))
again descends to a map of simple vertex algebras Ly (sp2) — Ly (0sp(1]2))).

As above, let Cy = Com(Lg(sp2), Ly (05p(1]2))). By Theorem 8.1, the map 73 : C¥ —

Ci, is surjective and by the same argument as Corollary 2.2 of [5] for admissible levels,

C;, is simple. We obtain

Theorem 8.4. For all admissible levels k, that is k = —% + 2%,, p>1andp coprime odd
integers, Cr, = Com(Ly(sp2), L (0sp(1|2))) is isomorphic to the rational Virasoro vertex
algebra with central charge

k(4k +5) (p —v)?

M TY) g _ Y
(k+2)(2k +3) DU

/
with v = %.
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8.2. Rational N = 2 superconformal algebras

We give a new proof of the Cs-cofiniteness and rationality of the simple N = 2
3k
k+2
argument makes use of a coset realization that has been known for many years [19],

superconformal algebra with central charge ¢ = when k£ is a positive integer. Our

and is the case n = 1 of Example 7.11. The rationality and regularity of these algebras

f3

was first established by Adamovic in [2]. First, for k& € C, consider the tensor product
VFk(sly) ® £, where V¥(sly) has generators H, X T satisfying

H(2) X% (w) ~ £ X (w)(z —w)™Y,  H(2)H(w) ~
XT(2) X (w) ~ k(z —w) ™2 4+ 2H(w)(z — w) !,
and & is the be-system with odd generators b, ¢ satisfying
b(z)b(w) ~ 0, c(z)c(w) ~ 0, b(2)c(w) ~ (z —w) L.

Let H C V¥(sly) ® £ denote the Heisenberg algebra with generator J = H— : bc:.
The zero mode Jy integrates to a U(1) action on V¥(sly) ® €, and we consider the
U(1)-invariant algebra (V¥ (sly) @ €)Y ()| which is easily seen to have the following strong
generating set:

COXTOIXT CO'X T COX e, 10 ¢ i,7 >0.  (8.1)
Note that
COXTXT 20X Th (0 X e, 0 i >0, (8.2)

is also a strong generating set for (V*(sly) ® &)V since the span of (8.2) and their
derivatives coincides with the span on (8.1).

Lemma 8.5. For all k € C, (V*(sly) ® £)YM has a minimal strong generating set
{H,: XtX :ibe,: XtThe: X et}
Proof. This is immediate from the following relations that exist for all 7 > 0.

CCOXTL)(: X ) =

] . . ) k )

_1)¢ . i+1 . . iyt — . . i+1 v+ - . _ . i+2 .
( 1)i+1.H(8 be:4+: (X)X be:4+: (X)X : —Z_+2.(8 b)c:,
CCOXTh)(be:)=—: 0T XD,

(O X e)(be:) =0 X e,
2(:0%c:)(:be:) s = it (0" b)e 40w,

1+ 1
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where w is a linear combination of elements of the form 9°=" : (9"b)c: for r =
0,1,...,i. O

Next, we replace H and : bc: with J = H— : bc: and F' = H + g : be:, respectively,
and we replace : X T X ~: with

1 2 k k 1
L=——  X*X" i 4— i Hbc: — bt +— : (Ob)c: ———OH
k+2 ARl T R Ty AL

Clearly F,L,: X*b :,: X~ ¢: commute with J, and L is a Virasoro element of central

charge ¢ = and F is primary weight one, others are primary weight % Moreover,

3k
sl
they generate the N = 2 superconformal algebra. Since

(VE(sly) @ £)YY = H @ Com(H, VF(sly) ® &),
we obtain

Lemma 8.6. For all k # —2, Ck = Com(H, V¥ (sly) ® €) has a minimal strong generating
set

{F,L,: X"b:,: X" c:},

3k

and is isomorphic to the universal N = 2 superconformal vertex algebra with ¢ = T3

Next, for k a positive integer, we consider the tensor product L(sly) ® £. By abuse
of notation, we denote the generators by H, X*,b, ¢, as above. Recall that Ly(sly) ® &€
is the simple quotient of V*(sly) ® £ by the ideal 7, generated by (X+)k¥*1. Let £;, =
Ck/(Ik N Ck)

Lemma 8.7. £, = Com(H, Ly (slz) ® ) where H is the Heisenberg algebra generated by
J = H—:bc:. In particular, Ly, is simple.

Proof. This is immediate from the fact that V*(sly) ® € is completely reducible as an
H-module, and T, is an H-submodule of V¥(sl) ® €. O

It is well known [19] that the simple N = 2 superconformal algebra has a realization
inside Com(H, L (slz) ® £) with generators {F, L,: X b : : X c:}, which are just the
images of the generators of C¥. An immediate consequence of Lemmas 8.6 and 8.7 is that
this N = 2 algebra is the full commutant.

Corollary 8.8. For k=1,2,3,..., Ly is isomorphic to the simple N = 2 superconformal

3k

algebra with central charge ¢ = 275
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It is well known that Ly (sly) contains a copy of the lattice vertex algebra V. Vakz With
generators {H,: (X*)* :}. Moreover,

Com(Com({H), Lr(s12))) =V, 552,

where (H) denotes the Heisenberg algebra generated by H. In particular, V, 5z, and the
parafermion algebra Ny (sly) form a Howe pair (i.e., a pair of mutual commutants) inside
Li(sl2), and Ly is an extension of V. etraz ® Ni(slz). Both V. errayz and Ni(slz) are
rational, and the discriminant Z/+/k(k + 2)Z of the lattice \/k(k + 2)Z acts on Ly as
automorphism subgroup. The orbifold is V. JrGrz © Ni(sly) and as a module for the
orbifold

2k—1

Ly = @ M,
=0

where each M is a simple V, ;o5 @ Ni(sly)-module [21]. Each M; is in fact also
C-cofinite as the orbifold is Cs-cofinite, hence Proposition 20 of [66] implies it is a sim-
ple current. We thus have a simple current extension of a rational, Cs-cofinite vertex
algebra of CFT-type and hence by [71] the extension L is also Ca-cofinite and ratio-
nal. This provides an alternative proof of Adamovic’s theorem that the simple N = 2

superconfomal algebra with central charge ¢ = kg—_fQ for k=1,2,3,...,is Cy-cofinite and
rational.
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